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PREFA.OE TO THE SECOND EDITION 


rpHE subject of Harmonic Motion presents difficulties to many 
-L students. For some reason they fail to get any real grasp of 
the principles and in consequence dare not trust themselves to 
apply them to the simple examples they meet with in practical 
physics, even in those cases where the mathematical analysis is 
quite elementary. The present little volume is an attempt to meet 
the difficulty. The simplest parts of the theory of Harmonic Motion 
are considered in Chapter I. In Chapter II descriptions are given 
of a number of experiments which illustrate the principles of the 
subject. Where necessary, the theory of Chapter I is extended to 
meet the problem in hand. In each case the method has been found 
by experience to be such that a serious student can rely upon ob- 
taining a result which he will feel is a satisfactory reward of not 
more than about two hours’ wort. In some, cases it would bo 
possible to devise arrangements which would secure greater 
accuracy, but in my class at the Cavendish Laboratory we have to 
be content with what may be described as Rapid Physics. We teach 
Mechanics, Heat and Light in the same rooms so that nearly all the 
apparatus has to be such that it can be readily moved from place 
to place. I have tried to design the apparatus so that the physical 
realities may conform as closely as I could make them, under the 
existing laboratory limitations, to the ideal conditions contemplated 
in the mathematical theory. 

The volume concludes with a few Notes dealing with some points 
in the mathematical theory of the subject. 

This second edition differs from the first only by the addition of 
Experiment 15. Here I must acknowledge the help of Dr G, X. 
Bennett, F.R.S. 

In the preface to the Manual on “Experimental Elasticity,” 
published in 1908, I expressed the hope that an “Experimental 
Optics” would be published in a few months and that, if life and 
health were given me, this might be followed by some volumes on 
other parts of physics. But in 1910 1 experienced a severe nervous 
breakdown and I was absent from Cambridge till October 1911. 
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PREFACE 


Since then, except for two years’ absence, 1917 to 1919, at the 
Royal Aircraft Establishment during the war, I have carried on the 
class, a work making great demands upon a demonstrator, since 
there have been sometimes over 50 students working in the class 
at the same time. Those who have "broken down” will perhaps 
understand that this work of teaching was a sufficient excuse for 
some delay in the appearance of the Experimental Optics 

As the effort required to take up again all the threads of the 
partially written Experimental Optics and to complete the book 
would have been considerable, I decided, in making a fresh start in 
1914, to take the rather easier course of publishing the work done 
in my class in Experimental Harmonic Motion, I still hope that 
the Optics is merely delayed; the manuscript is now nearly com- 
pleted, and part of the book is in type. 

To make the work done in my class available to some extent 
to other teachers and students, I have in recent years communi- 
cated to the Proceedings of the Cambridge Philosophical Society 
accounts of several experiments in Optics and other parts of physics. 
Some other optical experiments are described in Vol. II. of the 
Proceedings of the Optical Convention , 1912. 

I have authorised Messrs W. G. Pye & Co., of Cambridge, to 
supply apparatus made to my designs. 

I have to thank Mr G. Stead, of Clare College, for very efficient 
help in the preparation of this volume from the manuscripts used 
in my practical class. Mr J. R. Airey, of St John’s College, assisted 
in 1905 in some of the preliminary work, and my wife has also 
helped. 

I cannot end this preface without expressing my thankfulness 
for the kindness and consideration of those who have assisted me 
in the teaching in my class and for the enthusiasm and friendship 
of the students. Above all, X must give thanks to God for giving 
me the restoration of health that has enabled me to write this 
book. 

G. F. 0. SEARLE. 

8 April 1022 
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CHAPTER I 


ELEMENTARY THEORY OP HARMONIC MOTION" 

1. Introduction. In experimental physics, it very often 
happens that the system, whose motions are observed, performs 
oscillations and it is not difficult to give practical reasons why this 
typo of motion occurs so much more frequently than any other 
typo. 

To begin with, it is bub seldom 'we can observe a body moving 
uniformly along a straight line. The slow fall with a limiting 
velocity of a small sphere through a viscous liquid is one instance, 
but it would be difficult to name many more. 

When a body is falling freely or is under the action of a 
“diluted” gravitational action, as when a sphere rolls down an 
inclined plane, or two bodies move in an Atwood’s machine, the 
motion suffers uniform acceleration in a straight line, but it is 
perhaps only by means of gravity that uniform acceleration in 
a straight line can be obtained. Uniformly accelerated motions 
have the practical disadvantage that the interval of time to be 
measured is short, when the motion is limited to a few metres, as 
it is in an ordinary room, unless the acceleration is very slow, 
in which case the effects of disturbing forces may nval the effeots 
we wish to study. 

When a body is compelled to turn about a fixed axis, the space 
required for the movement is comparatively small, so that one of 
the objections to uniform or uniformly accelerated motion in a 
straight line does not apply. In the case of uniform angular 
velocity, a supply of power is required to maintain the motion, as 
when the disc of a siren is driven by an electromotor. In such 
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2 ELEMENTARY THEORY OF HARMONIC MOTION [CH. 

a case we are, however, generally but little concerned with the 
dynamics of the apparatus, our attention being confined to piu- 
ducmg a uniform rotation somehow. 

To produce uniform angular acceleration in the absence of 
friction, a couple of constant magnitudes would bo necessary, 
but such a couple it would be very difficult, if nob impossible, 
to produce. 

The reader will thus perceive that he is likely to moot with 
very few instances of uniform or uniformly acccloratod motion 
either along a straight line or round a fixed axis. 

When a vibratory motion is substituted for one m which the 
movement is always in one direction, a great advantage is at once 
gamed. For now, even in the case of rectilinear motion, only a 
comparatively small space is required; and in both rectilinear and 
angular motions, although the time of one vibration may bo small, 
it can be found with considerable accuracy by observing the time 
occupied by a large number of vibrations, as can be done if tho 
vibrations die only slowly away. In most cases, further, the time 
of vibration is practically independent of the amplitude of vibra- 
tion, so long as the amplitude is “ small.” 

2. Harmonic motion. On a circle with 0 (Fig. 1) for its 
centre, take a point P and draw a perpen- 
dicular PN from P upon any diameter 
AOA\ Thon, if P move round the circle 
with uniform angular velocity, the point W 
will move backwards and forwards along A 
AO A' in a definite mann^Pj and the motion 
of jy is called harmonic. The length OA is 
called the amplitude of the oscillation, and 
the time occupied by N in going from A 
to A ' and back to A is called the time of a complete vibration, 
or the periodic time. 

Since N is the foot of the perpendicular Pi\T, the velocity and 
acceleration of along AOA ' are equal to the components, 
parallel to AOA\ of the velocity and acceleration of P. 

Let OP revolve in the counter-clockwise direction, let o> 
radians per second be the angular velocity of OP, let tho radius 
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of the circle be r cm., and let ON = x cm., OA being the positive 
direction of x, Then, if t seconds be the time since P was laat 
at A } the angle POA is cot radians. Hence we have 

x = ON = r cob cot, (X) 

and thus x is proportional to cos cot. If PM be drawn per- 
pendicular to OB, where OB is perpendicular to OA, the motion 
of M will be harmonic also and we shall have 

y = OM = r sin cot (2) 

The functions cos cot and am cot occur in the theory of -bhe 
vibrations of stretched strings, and it is from the connexion, of 
such strings with the musical scale that the use of the adjective 
harmonic has been extended to the motion of a pomt whose dis- 
placement is proportional to cos cot or sin cot, 

3 The velocity- The length of arc passed over by P in 
one second is r times the angle turned through by OP m one 
second, and hence, if v cm sec.“ l be the velocity of P along the 
circumference of the circle, 

v = rco (3) 

Since this velocity is perpendicular to OP, its component parallel 
to OA is — m sin POA, and thus, if u be the velocity of N along 
OA, 

= — rwsin<»i=! — v sin cot (4) 

4. The acceleration. Since u is the rate at which x 
increases with the time, the rate of increase of r cos cot is — rco sin cot. 
Writing cot -H Jtt for cot m this expresdon, and multiplying by a> 9 
we see that the rate of increase of rco cos ( cot + J7r) or of — rco sin cot 
is — rco 2 sin ( cot + Jw) or — rco 2 cos cot But the rate of increase of u 
is the acceleration of N, and hence, if /cm. sec.” 3 be the accelera- 
tion of N in the direction OA, 

f — - rco 2 cos cot = - <o*x (5) 

From this equation it will be seen that, when x is positive, f is 
negative and vice versa. 

Hence, when a point moves with harmonic motion along a 
straight line, its acceleration is always directed towards the centre 
0, and is proportional to its distance from 0 . 


1—2 
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Since, by (3), a = v/r, we have ra 3 => u' J /r, ami thus 

f= — — cos o>£ ((>) 

r v ' 


5 Application of the calculus. The velocity mid the 
acceleration of the moving point N (Fig. 1) can be readily found 
by the use of the calculus. 

Since, by (1), a = r cos at, 
we have u — dco/dt *» — ra sin at 


and f =» d^x/dt 3 — du/dt =» — ra 3 cos at, 

60 that /= - a l x, 

as found in § 4<. 


6. Acceleration of a point in uniform circular motion. 

The acceleration of N may also be deduced from the acceleration 
of a point moving uniformly round a circle. 

Let P (Fig. 2) bo a point moving round a circle of radius r 
with uniform velocity v, the angular velocity of the radius OP 
being to. When the point is at P, it is moving 
along the tangent PT with the velocity v, 
and when it is at P\ it is moving along the 
tangent P'T with the velocity v. If t be the 
time of describing PP', the angle POP ' is 
equal to at. Now the velocity of the moving 
point at P' can bo resolved into v sin at 
parallel to PO, and v cos at parallel to P T. 

In the time t, tho point has gained the 
velocity v sin at parallel to PO, and hence, if be its average 

acceleration parallel to PO, 

„ v sin at sin at 

- — « ii» — — , 

t at 

As t and at approach zero, the average value, during the journey 
from P to P\ of the acceleration of the point parallel to PO, 
approaches a limiting value, which is its actual acceleration a in 
the direction from P to 0 when the point is at P, and thus tho 
acceleration of the point at P is given by the limiting value which 
a av approaches as t approaches zero. Since sin at/ at approaches 
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the limiting value unity as cot approaches zero, the acceleration in 
the direction PO, of the point when at P, is given by 

a = voo (7) 

We must now see whether the point, as it passes through P, 
has or has not any acceleration parallel to the tangent PT. If /3 ao 
be the average acceleration of the point parallel to PT, 

Pm => (1 /t) ( v cos (ot — v) = — (2 v/t) sin* \cot 


= — V(0 


sin-J-Gjtf 

icot 


.sin ^oot, 


and this approaches the limiting value zero when t approaches 
zero. Thus, when the moving point is at P, it has no acceleration 
along the tangent at P. 

Hence, when a point moves uniformly round a circle, the only 
acceleration which it has is towards the centre at each instant. 

Since v » ro>, the acceleration a can be expressed by any of the 
three following formulae : — 

a = va> (8) 


— v 2 jr 


(9) 


= o>*r (10) 

We can now deduce the acceleration of N (Fig 1) from that of 
P. Since the acceleration of P is co*r or co 2 . PO in the direction 
PO , it follows, from the triangle of accelerations, that the accelera- 
tion of P parallel to AO is eo a . NO or co 2 oc towards 0 . But the 
acceleration of N is equal to the component of the acceleration of 
P parallel to AO, and thus f the acceleration of N m the positive 
direction OA , is given by 

f (11) 


7. The periodic time. As the point P goes round the 
circle, the point N (Fig. 1) oscillates along AO A! and the times of 
a complete oscillation of N and of a complete revolution of P are 
equal. Hence, if the time of a complete oscillation of N, or the 
periodic time of N, be T seconds, the radius OP describes the 
angle 2 tt radians in a time T seconds when moving with the 
angular velocity radians per second. 

Bence = ^ (12) 
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Since a> a is equal to the acceleration which the point hoi 
towards 0 when x, the displacement, is unity, this result can be 
written 

r, , ■■■ - 2?r — (i3> 

Vacceleration for unit displacement 

If a starting point jftf 0 be chosen on AA' and if at a giver 
instant N is moving through in a given direction, it is cleai 
that the interval, which elapses before N is again moving throng! 
N 0 in the same direction (for the first time), is independent of Lht 
position of i\T 0 . 

8. Isochronism. The radius of the auxiliary circle does 
not appear in the formula for the periodic time and hence T ie 
independent of the amplitude. The extent of the oscillation has 
therefore no influence upon the time of a complete oscillation. In 
consequence of this property, which is obviously of great import- 
ance, the vibrations are called %sochronous . 

9. Summary of results. The results we have obtained may 
be restated as follows* — If a point N moving along a straight line 
have an acceleration fix towards a fixed point 0 on this line, 
where x is the distance of JV from 0, the acceleration when there 
is umt displacement is /a Hence, by §§ 7, 8, the point perforins 
isochronous vibrations m the time T, where 

= 2tt 

V/z Vacceleration for umt displacement ’ 

If T be observed, the value of /jl can be found from the equation 

4tt“ /Tvf\ 

M = yj (14) 


10. Differential equation of harmonic motion. The 

time of oscillation of a point moving along the axis of ao and 
having the acceleration — /xa? can be readily deduced by the 
calculus. For the equation of motion 

d*x /-* 

< 16 > 

is satisfied by 

a> = r cob fj&t + s sin. fjfct, (16) 
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where r and 8 are any constants. If the origin of time be so 
chosen that, when jj$t = £ 7 r, 0 = 0, we have 8 = 0, and thus 


0=rcosyu&, (17) 

which agrees with the value found in § 2, if co* = yu* The velocity 
u is given by 

u = doojdt sa - rjjfc sin fjfct + 8$ cos //.- 1, (18) 

and, when s = 0, 

u = - Tfi^ sin fj,h, (19) 

which agrees with the result in § 3. 


Whatever the values of r and 8, the velocity, docjdt, and the 
displacement, 0 , both go through complete cycles in the time 
27 t/V/a, since, when t increases by 2 tt/V yu, the quantity /fit increases 
by 27 T. Hence the periodic time is 2vr/V/I. 

It should be noticed that this solution is applicable to any 
coordinate and is not limited to the case m which a point moves 
along a straight line. Thus, if (j> be any coordinate which fixes the 
position of the body and if there be a restoring acceleration of 
the corresponding type of the amount yLt</>, the equation of motion 
will be 

*■ < 2 °> 

and the periodic time -will be 2i r/VJa as before. 

11. Angular vibrations. In many cases of oscillation, the 
body, whose motion is under consideration, instead of moving along 
a straight line, turns about a fixed axis. Here the position of the 
body is determined by means of a plane containing the axis and 
fixed in the body, and, as the body vibrates, this plane vibrates 
through equal angles on either side of a plane containing the axis 
and fixed in space. If the angular acceleration, i.e. the rate of 
change of the angular velocity of the moving plane, be proportional 
to the angle through which it has turned from the reference plane, 
and if it always tend to bring the moving plane back to the refer- 
ence plane, then the motion of the body is again called harmonic. 
We may speak of the acceleration as a restoring acceleration. 

If we take a point N moving on a straight line in Buch a way 
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that when the moving plane has turned through an angle 6 radians 
from the reference plane in the positive direction, the point N has 
moved 6 cm. in the positive direction from a fixed point 0 on the 
line, then the acceleration of N will be numerically equal to the 
angular acceleration of the moving plane. Hence if the body 
oscillate under the action of a restoring acceleration fid, the point 
N will have a restoring acceleration fid along the straight line. 
By § 9 the periodic time of N is 2 t t/V fi , thus the periodic time 
of the moving plane is also t/V/a. Since the vibrations of N are 
isochronous, so are also the vibrations of the body. 

Hence, if a body turning about a fixed axis have a restoring 
acceleration fid \ when the body has turned through an angle 6 
from a zero position, the body will vibrate harmonically and 
isoohronously about that position in the periodic time T, where 

y ^ 7r __ ^ 7r 

V/a (angular acceleration for one radian displacement)^ 

If T be observed, the value of fi can be found from the equation 

= ^ ( 21 ) 


It will be seen that the above argument applies to any coordinate 
which fixes the position of any system. If ^ be such a coordinate 
and if there be a restoring acceleration corresponding to the 
coordinate of the amount fi<j > , then the system will have vibrations 
corresponding to <f> which are harmonic and isochronous, and have 
the periodic time 27 r/V/2. 


12. Application of dynamics. So far we have been con- 
cerned only with kinetics and have merely considered the motion 
of a system without enquiring how that motion has been caused. 
But, in order to make use of harmonic motion for the determina- 
tion of some physical quantity Q , we must introduce dynamics and 
must calculate the acceleration of the system corresponding to 
some coordinate a in terms of a and Q . If / be the acceleration, 
we shall find that f is proportional to x (since by supposition the 
motion is harmonic) and thus we shall be able to write 
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where fi is a quantity depending upon Q, but independent of x, at 
any rate when the amplitude is very small*. 

The periodic time T is found by actual observation, and then, 
by § 9 or § 11, fi can be determined by the equation 

_47T a 

and from this value of fi we can calculate Q. 

Instances of this process occur frequently, but the two simple 
examples given in §§ 13, 14 may aid the reader in applying the 
process to actual observations. 


13. Example (i). A mass M grammes is suspended by a 
helical spring from a fixed support and the periodic time of the 
vertical oscillations of M is found to be I 7 seconds. Let us find 
the restoring force which acts on M, when M is displaced from its 
equilibrium position through one centimetre, the motion being 
assumed to be harmonic. 

By § 12, the restoring acceleration, when the displacement is 
x centimetres, is fix cm. sec where 

4-t r 3 
A*— jfr* 


Since the mass is M grammes, the restoring force is M times the 
acceleration and is thus equal to /ixM dynes. The restoring force 
is thus proportional to the displacement. 

Hence, if F dynes be the restoring force which acts on M when 


the displacement is one centimetre, 


F=fiM = 


47T a 3f 

^5 


dynes. 


If M be 1066 grammes and T be 1 91 sec., we find that the 
restoring force for a displacement of one centimetre is 


F= 


47 r a x 1066 

rsi* 


= 11536 dynes 


14. Example (il). A body suspended by a vertical wire is 
found to vibrate about the axis of the wire m the periodic time 
2 1 secs., the moment of inertia of the body about the axis of the 


* It can be shown that, except under circumstances which are mathematically 
conceivable but would not ooour m any experiment, if the vibration is isochronous, 
so that 


s the periodic time is independent of the amplitude, % jnotiotf ft 

^ Ge- 

S “C 


library 



,r> 

O, 
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wire being K gm. cm 3 . Let us find the restoring couple which 
the wire exerts on the body, when the body is displaced from its 
eq uili bri um position through one radian. 

By § 12, the restoring angular acceleration, when the displace- 
ment is 6 radians, is /j,6 radians per second per second, where 

_4tT 2 

Since the moment of inertia of the body is K gm. cm. 3 , the restoring 
couple is K times the angular acceleration*, and is thus equal to 
fj,6K dyne-cm. The restoring couple is therefore proportional 
to the displacement. 

Hence, if G dyne-cm. be the restoring couple which tho wire 
exerts on the body when the displacement is one radian, 

Q = pK = dyne-cm. 

If the body be a disc 20 cm. m diameter, with its axis vertical, 
havmg a mass of 275 grammes, K is 275 x 10 a , or 13750 gm. cm. 0 , 
and thus if T be 1*83 seconds, we find that the restoring couple, 
when the displacement is one radian, is 

= 1 ’6 209 x 105 dyne-cm. 

I’OO'J 

15. Systems with one degree of freedom. In many 
cases a vibrating system has only one degree of freedom. By this 
we mean that the configuration of the system is known as soon as 
a single quantity, which we call a coordinate, is known. As an 



example, consider a uniform bar AB (Fig. 3) suspended by two 
strings from the fixed points 0 , D. If the system be displaced 
from its equilibrium position A 0 B 0 , the strings remaining in a 
vertical plane, the points A, B move on the ciroles AA 0 , JBB 0 

* Experimental Elasticity , Note IIL 
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described about 0 and D as centres, and the configuration of the 
system is completely determined when <j>, the angle ACAo* is 
known Since the configuration is known as soon as <f> is known, 

<f> is the coordinate corresponding to the single degree of freedom 
which the system possesses under the circumstances** 

16. Potential and kinetic energies. If a system having 
one degree of freedom be displaced from a position of stable 
equilibrium, and be then set free, it will vibrate about that 
position. Let x be the coordinate corresponding to the single 
degree of freedom, and let the origin of x be so chosen that ac is 
zero when the body is in the equilibrium position. Let u be the 
rate at which x increases with the time , thus u= dxjdt. 

Let the potential energy of the system be taken as zero in the 
equilibrium position, le. when x is zero, and let the potential 
energy when the system is displaced from that position be U. 
Then U will be a mini mum when x = 0. Hence, if we construct a 
curve OP (Fig. 4) showing how U depends on x , the curve must 
be concave towards the positive direction of £7. 

If we keep within a small enough distance 
of the origin, the curve will not differ sensibly 
from a circular arc. But m the case of the 
circle, PN is proportional to ON 2 , when ON 
is very small, and thus, when x is very small, 

U will be proportional to oP. Hence we may write 

U = ( 22 ) 

where ct may be treated as a constant when x is small enough. 

* In reality the rod has four degrees of freedom. The point A moves on the 
sphere which has its centre at C and to define the position of A requires two 
coordinates — say, the latitude and the longitude. "When A is fixed, the point B 
can describe a circle upon the sphere whioh has its centre at 2), and one more 
angular coordinate is required to define the position of B on that circle. These 
three coordinates completely fix the position of the straight line AB . But a rod 
can rotate on its axis and hence, to define its position completely, one more 
coordinate is required. The total number of coordinates or of degrees of freedom 
is therefore four There are two constraints, viz. the constancy of the two radii 
GA, DB, and the number of degrees of freedom added to the number of constraints 
mates a total of six, the number of degrees of freedom of a rigid body in space. 
When the points A, B are constrained to move in the vertical plane through CJ> 
and the rod is not allowed to rotate on its axis, the degrees of freedom are reduced 
to one. 



Fig. 4. 
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Since the velocity of every particle of the system is proportional 
to u for any configuration, it follows that, if the kinetic energy* of 
the system be T, we can write 

T=i/3u\ (23) 

where 0 is independent of u , though it may depend upon x. 

Now, m all ordinary vibrating systems, the velocity of every 
particle will be finite when u is finite , and hence, if x change from 
zero by an infinitesimal amount, the change of configuration of the 
system will be everywhere infinitesimal. 

We may therefore conclude that, whon x is restricted to a small 
enough range, the kinetic energy for a given value of u may be 
taken as equal to the kinetic energy for the same value of u when 
x is zero. Hence, when x is small enough, we may treat 0 as 
a constant and independent of both x and u. 

Thus we see that, in the case of any system which has one 
degree of freedom and performs small oscillations about a position of 
stable equilibrium, the potential and kinetic energies can be written 


U=iax?, (24) 

T = i/3u', (25) 

where a and 0 are constants. 


17 Periodic time. We shall now investigate the motion of 
a frictionless system for which the potential and kinetic energies 
are expressed in terms of x and u respectively by equations (24) 
and (25). 

Since the system moves without friction, the law of the Con- 
servation of Energy requires that the sum of the potential and 
kinetic energies shall remain constant during the motion. 

Suppose that, during the motion of the system, x changes to x' 
and u to u f during the small time r. Since the total energy U + T 
remains constant we have 

£cw? /a 4- + ^0u\ 

or (u f * - v ?) « - (x’ % - 0 s ), 

or 10 (u! - u) (it! + u ) « - i«(a/ - x) (x + x) (20) 

* The symbol T has been used for kinetio energy m aooordanoe with the usual 
custom of books on dynamics. It is unfortunate that a quantity which is not a 
time should have T for its symbol. The only remedy is to use distinguishing marks 
•when there is any risk of confusion. 
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If / bo the rate of increase of u or the acceleration corre- 
sponding to the coordinate x, then, when r is infinitesimally small, 
u' — u - x' — x 

so that (»' — u)u = (x'~ x)f. 

Further, whon u r — u and x' — x become infinitesimal, wo may put 
u for \ ( w + u) and a; for ^ («' + *). Hence (26) becomes 

0f= - cue, 


or 


jr “ 


•(27) 


Thus the acceleration tends to restore the system to its position of 
equilibrium, and is proportional to the displacement cc. Hence, 
by § 11, the motion is harmonic, and the periodic time T 0 is given by 

(28) 

Since the kinetic energy corresponding to unit value of u is ^/S 
and the potential energy corresponding to unit value of w is £«, 
we can write (28) in the form 

/ kinetic energy for unit velocity 
o— 17 \/ potential energy for unit displacement 
The formulae (28) and (29) are of great importance and should 
be thoroughly understood by the student. 

18, Application of the caloulUB. The matter can be pre- 
sented in a briefer form by means of the calculus. Thus, since 
T+ U is constant during the vibration, 


or 


But 


dT , d V 
dt T dt 
n du , dx 


• 0 , 


■ 0. 


du 

"dt' 


and honce 


d*x 

d ^x 

dt*' 


, dx 

and «* u, 

a 


Thus, by §11, the periodic time T 0 is given by 



14i ELEMENTARY THEORY OF HARMONIC MOTION [CH I 

19. Energy formulae- The discussion in § 16 can hardly 
be considered as furnishing a proof of the formulae (24) and (2/5) 
for U and T> but merely as giving reasons for expecting that 
TJ and T will have those forms if x lies withm a very small range 
of values In any given case, we must calculate the actual values 
of TJ and T and then we shall be able to see how closely the 
expressions for TJ and T approximate to the forma suggested by 
the discussion m § 16. 

As an example, let us consider the rolling bar of Experi- 
ment 13. Here the potential energy U is given in terms of the 
angular coordinate 9 by 

TJ = mg {{r + h) (cos 6 — 1) + rQ am 6} 

= mg { $(r - h) - (£r - -fa h) 6* + ... }. 

When 6 is infinitesimal, we have 

U = ^mg{r — h) 6 2 

which is of the form suggested m § 16 

The kinetic energy T is given m terms of the angular velocity 
o), where co = d6/dt, by 

Jm(A a + /i 9 + ^5 a )o) a , 

and thus T depends not only upon g> but also upon 6 . But, when 
6 is infinitesimal, r*6 3 is to be neglected in comparison with -f A 9 , 
and then the kinetic energy becomes 

T => + A a ) 

which, also, is of the form suggested in § 16. 



CHAPTER II 


EXPERIMENTAL WORK IN HARMONIC MOTION 

20. Introduction. In this chapter descriptions are given 
of a number of experiments m which tho laws of harmonic motion 
are put to the test. To obtain the close agreement between theory 
and experiment which is possible in spite of tho simple character 
of the apparatus employed, some skill and much cave are required, 
and thus the series of experiments provides u training which 
may be of much value to the student. One of the greatost 
obstacles to the satisfactory progress of students is tho psycho- 
logical difficulty of keoping tho attention fixed on the work in 
hand, and, until this difficulty has been overcome, their work will 
always be liable to error, whatever branch of physics they study 
The following experiments depend for their success upon accurate 
observations of periodic times and thus provide a Berios of exercise's 
which should be worked through very conscientiously by any student 
who finds difficulty in such observations. A largo number of 
students suffer from this disability, some of them being porsons 
of mathematical ability and of good general intelligence. No 
student need be ashamed if he finds himself in this class. But 
he should make every effort to acquire the art of correct timing, 
since its acquisition will help to give him n feeling of confidence 
in his own work. Till that feeling is attained, ho will always 
work at a great disadvantage. 

21. Tlme-pleoes. The object of any timing operation is to 
compare an interval of time with tho period of revolution of the 
earth on its axis. Since a direct comparison would bo inconvenient, 
a time-piece is used as an intermediary and tho going of this time- 
piece is tested either direotly by astronomical observations, as in 
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examination by aid of a lens of the motion of the seconds hand of 
the stop-watch during the first second after the button is pressed 
will leave little doubt that the uncertainty exists. 

If a time-piece is used which cannot be started or stopped, the 
time must be read off from the hand while it is in motion. The 
error involved in each reading is probably greater than when a 
stop-watch is used, but, if the method described m § 26 and 
illustrated in § 27 is carried out carefully over a sufficient interval, 
very good results may be obtained. It will be very good practice 
for the student to accustom himself to use an ordinary watch fitted 
with a seconds hand for this purpose. 

22. Defective centering. Some clocks and watches have 
a very annoying defect. If the minute hand is made to agree 
with the seconds hand when the former is at some particular 
minute mark, the agreement does not persist as the watch 
continues to run. The discrepancy will vanish after an hour and 
again after two, three... hours. In some cases the discrepancy may 
amount to as much as half a minute, and then the clock is very 
unsatisfactory, since there is sometimes a doubt as to which of two 
min utes is to be taken as the correct reading. The error could 
arise from a badly divided dial, but in most cases it is probably 
due to a want of coincidence between the axis of the minute hand 
and the centre of the dial. 

In Fig. 5, let 0 be the centre of the dial, 0 the centre about 
which the minute hand OP turns. Let OCA, 
the radius of the dial, be a and let OC « h. Then, 
if AOP = 0 and AOP=*<j>, we have CPO = 0 - </>. 

Now, 

sin (0 - <£) = (h/a) sin 0 , 

or, when 0 — <f> is small, as it is when h/a is small, 

$ — (/> = (h/a) sin 0 , 

Hence the greatest numerical value of 0 — <f> is h/a radians, and 
this occurs when OP is at right angles to OA. A one minute 
space subtends an angle of 6° at the centre of the dial, and hence, 
if the greatest discrepancy between the nnnute and seconds hands 
is half a minute, the greatest value of 0 — <f> is 3° or 8/57'3 radians. 
Then 



h/a = S/57’8 «= 1/19*1. 

s. h. M 
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In the author’s watch the greatest discrepancy is £ minute of 
time or 1/5 7 3 radians and thus hja = 1/57*3 Since the radius, 
a , of the dial is 0*8 inch, we have h = 0 8/57*3 = 0 014 inch. 

We have taken the most favourable case in which the hands 
agree when the minute hand points along OA . In the most 
unfavourable case the hands agree when the minute hand is at 
right angles to OA , half an hour later the discrepancy will be 
2 hja radians. 

23 Determination of periodic times. Since it is essential 
for accuracy that the vibrating system should continue in motion 
for several minutes, the system should be firmly supported, so that 
any dissipation of energy due to the yielding of the support may 
he as small as possible. A fixed pointer or other indicator is set 
up so that some mark on the vibrating system is close to the 
pointer when the system is in its position of equilibrium, and the 
transit of this mark from left to right past the pointer is the signal 
by which the timing is done. The interval between two successive 
transits from left to right is the periodic time. To avoid confusion, 
a piece of paper with an arrow drawn on it to indicate the direction 
of the transit may be placed near the pointer. 

Some students have the habit of observing the times at which 
the system reaches the extremity of its vibration, but this is an 
inferior practice, for it is much more difficult to tell when this 
event occurs than it is to tell when the system passes through its 
equilibrium position. 

When a stop-watch is used, the button is pressed as the mark 
passes the pointer and “nought” is counted. At the successive 
transits “one,” “two”... are counted. The watch is stopped at 
some definite transit. 

A student sometimes calls “one” when he starts the watch; 
he stops the watch as he calls “fifty” and though he imagines he 
has found the time of 50 vibrations he has really found the time 
of only 49. 

When a stop-watch is not available, very good results can be 
obtained by the method described in § 26 and illustrated in § 27. 
Another example is given m Experimental Elasticity , § 63. 

When the periodic time exoeeds about two seconds, the mind 
has time to ramble off to other interests between one count and 
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the next, and therefore a special effort must be made to keep a 
watch over the thoughts. It is of assistance to count out loud . 
On account of the difficulty of counting correctly, at least two 
independent observations of any periodic time should be made 
when a stop-watch is used. If two observations of — say — 50 vibra- 
tions differ approximately by the periodic time, it is nearly certain 
that an error of counting has occurred. 


Experiment 1 . Determination of “g” by a simple 
pendulum. 


24. Theory of simple pendulum. Let 0 (Fig. 6) be the 
point of suspension, OA the undisturbed 
position of the pendulum and OB the 
position of the pendulum when deflected 
through an angle 8 radians from the 
vertical. Further, let the mass of the 
bob be m gm. and the length of the 
pendulum Z cm. 

Then the forces acting on the bob 
at B are (1) its weight mg dynos acting 
vertically downwards, (2) the tension of 
the string. The weight can bo resolved 
into the components mg cos 0 and 
mg sin 9 respectively parallel and perpendicular to OB . The re- 
sultant of the former and the tension of the string give the bob the 
acceleration v*jl cm. sec ~ 3 towards 0, where v is the velocity of the 
bob, and the latter gives the bob an acceleration g sm 8 cm sec." 3 
along BO the tangent to the circular path at J3. Now the dis- 
placement of B t measured along the arc, is 10 cm. Hence the 
ratio of the acceleration to the displacement is g sin 8/18. If the 
amplitude is very small * we may put sin 6/6 = 1, and then the 
ratio has the constant value g/L Hence, by § 11, we have for the 
time of oscillation 



V acceleration for unit displacement 


so that 


4tt d Z 
9 “ T * ‘ 


( 2 ) 


* The time of oscillation when the amplitude is finite U investigated m Note H. 

2—2 
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We may prove this formula in another way by making use of 
the result obtained in § 17, 

r J kinetic energy for umt velocity 
~ 17 V potential energy for unit displacement’ 

Now the kinetic energy at A is \tyiv 1 ergs, where v cm. per sec. is 
the velocity. Hence the kinetic energy for unit velocity is ergs. 
The potential energy of the bob when at B is 

mg .AT) = mgl (1 — cos 9) = 2mgl sin 3 J 6 ergs. 

When 6 is small, the potential energy at B may be written 
\m(gjl){l6)\ Hence, since Idem, is the displacement, the 
potential energy for unit displacement is irngjl ergs, and thus 
the periodic time is given by 

T-t.JJEL.irJl. 

V imgfl V g 

25. Pendulum with bob of finite size. It must be 
remembered, of course, that this result applies strictly only to 
the ideal pendulum considered, and that, as any actual pendulum 
must have a bob of finite size and a string of finite mass, 
it is impossible to realize the assumed conditions experi- 
mentally. If we treat the whole pendulum as a rigid body we 
find, as in § 49, that, for small oscillations, the periodic time is 
given by 

T=2 * / \/^jh’ 

where K gm. cm. 3 is the moment of inertia of the pendulum about 
its axis of suspension, m gm. is the mass of the whole pendulum 
and h cm. is the distance between the axis of suspension and the 
centre of gravity of the pendulum. 

It may be of interest to find the correction for an actual oase. 
If the mass of the suspending wire be neglected, the centre of 
gravity of the pendulum is at the centre of the bob, and if the 
distance of the centre of the bob from the axis of suspension be 
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l cm., then, h = l and K = I{ 0 + ml\ where, for a spherical bob of 
radius a cm., K 0 = §ma 3 gm cm. 8 * Then 

Now, if a = 5 cm. and l = 400 cm., then 


2 a? 
5' l 


2 25 a .a _ 
5-400 = °° 25cm - 


That is to say, the effective length of the pendulum is 
(400 + *025) cm. and the error in taking it as 400 cm. is only 
1 part m 16,000. (See Note IV.) 


26. Experimental details. A convenient form of pendulum 
consists of an iron sphere, about 10 cm. m diameter, suspended by 
a steel wire about 400 cm. long and 1 mm. in diameter. The 
support should be as rigid as possible, for any lateral motion given 
to it by the vibrations of the pendulum will alter the time of 
oscillation. It is shown in § 60 that a yielding of the support 
results m an increase in the effective length of the pendulum by 
an amount which is equal to the distance through which the weight 
of the bob, if applied horizontally, would deflect the support 

It is often convement to make the operation of timing m two 
steps. The periodic time is determined m terms of the indications 
of a time-piece, and the time-piece itself is rated by the aid of a 
standard clock. In order to obtain as good a rating as possible, the 
length of the time during which the time-piece is under observation 
should be as great as possible. The first comparison of the time- 
piece with the clock should therefore be made before any observations 
are made on the pendulum. The last comparison should be made 
as late as the time at the student’s disposal permits. 

To make a comparison of the time-piece with the standard 
clock, the time-piece is held near the clock face and the reading 
of the time-piece is taken when the seconds hand of the clock 
reaches 60 secs. In order to obtain a more reliable result, the 
time-piece is read again when the clock hand reaches 15 secs, and 
again at 30 secs. The mean difference between the readings of 
the time-piece and the clock for these three observations is then 
* EtB'perimtntal Elasticity, Note IV. 
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found. This process is repeated after the pendulum observations 
have been made If, however, it is possible to make a senes of 
compansons of time-piece and clock, the regularity of going of the 
time-piece can be tested. 

The results of each comparison may be entered as follows: 


Clock 

Time-piece 

Clock - Time-piece 

h. m. s. 

m. s 

h. m s. 

10 26 0 

2 66 6 

10 23 4 4 

26 IB 

3 10 8 

42 

26 30 

3 25-6 

4-4 

Mean difference =10h 

23 m 4 3 s. 

11 47 0 

83 44 0 

10 23 16 0 

47 15 

83 59 2 

16 8 

47 30 

84 14 3 

15 7 

Mean difference = 10 h. 23 m 15*8 s 


Thus in 1 h. 21 m. or in 81 m the time-piece has lost 15*8 — 4 3 

or 11 5 secs. Hence 81x60 — 11’5 secs, on the time-piece are 

equal to 81 x 60 true secs. Thus 

, . 81 x 60 4860 x 

1 sec of time-piece = ^ — tk — = aoao - true secs. 
r 81 x 60-11*5 4848 o 

The comparison of the time-piece with the pendulum is carried 
out as follows- The time-piece is placed in a convenient position 
near the pendulum and, at every fifth transit from left to right of 
the pendulum past a fixed mark, the time indicated by the time- 
piece is observed and is recorded upon a sheet of paper prepared for 
the purpose. After a sufficient number of readings have been taken, 
the time of the 0th transit is subtracted from that of the 100th, 
the time of the 5th transit is subtracted from that of the 105th, 
and so on. In this way we obtain a number of intervals, each 
corresponding to 100 complete vibrations. With careful work these 
intervals will agree closely and their mean will furnish a reliable 
value of the periodic time in terms of one second of the time-piece. 
The true value of the periodic time is found hy multiplying the 
number of time-piece seconds by the true value of a time-piece 
second. 
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The length of the pendulum is then obtained and the value of 
g is deduced by the aid of the formula (2) 

_ 4tt 3 Z 
9 — —yff • 

The formula should be worked out by seven figure logarithms. 
Tho value of 7 r a is 9 869604, and logTr^O'9942997. 

As the T m this formula is really the limiting value of the 
periodic time when the amplitude approaches zero, it is important 
that in the actual experiment only small amplitudes should be 
usod. The effect of finite amplitude is investigated m Note II, 
and, from the table given there, it will be seen that, when the 
pendulum swings through 5° on either side of its mean position, 
the periodic time is greater than that for an infinitely small arc 
by about 1 part in 2000. As it is the square of the time which 
is involved m the formula for g 9 this will make a difference of 
1 part m 1000 m g itself. Hence the pendulum should not be 
swinging more than two or three degrees on either side of the 
mean position when the timmg operations are being carried out. 

27. Practical example. The observations may be entered as in 
the following record of an experiment by G F. 0 Soarlo, Timo-pieoe A was 
usod. 

Comparison of time-piece with clock. 


Clock 

Time-pieae 

Olook 

- Time-pieoe 

Mean difference 

h. 

m. 

s. 

m 


s. 

h. 


s. 

b 

m. 

s. 

10 

mm 

mm 


3 

56 6 

10 

23 

4*4 

10 

23 

43 



15 


3 

10 8 



4*2 






30 



26 0 



44 




10 

40 

0 


16 

53*3 

10 

23 

67 

10 

23 

6*7 



15 


17 

83 



67 






30 



23'3 



67 




10 

51 

0 


27 

52 5 

10 

23 

75 

10 

23 

7*5 



15 


28 

7*6 



7*5 






30 



22*5 



75 




11 

11 

0 

0 

47 

50 2 

10 

23 

98 

10 

23 

9*7 



15 


48 

5'2 



9*8 






30 



205 



95 




11 

36 

0 

1 

12 

45*5 

10 

23 

14*5 

10 

23 

14*4 



15 


13 

0*7 1 



14*3 






30 



16 7 : 



14 3 




11 

47 

0 

1 

23 

44*0 

10 

23 

10*0 

10 

23 

15 8 



15 



59*2 



15 8 






30 


24 

14*3 



16*7 
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From these results we obtain the following table : 


Interval from start 

Seconds lost 

in minutes of dock 

by time-pieoe 

0 

0 

14 

2*4 

25 

32 

45 

54 

70 

101 

81 

115 


If these numbers are plotted on a diagram, it will be seen that the rate of 
the time-piece is irregular. If we take the whole of the 81 minutes, tho 
average rate of loss of the time-piece is 11 5/81 or 0*142 second per minute 
The comparison with the pendulum occurred in the interval between 
10 h. 51 m of the clock and 11 h. 11 m Over this range the tiine-pioco 
loses 2 2 of its own seoonds m 20 minutes of the clock or 0*11 sooond por 
minute. 

Comparison of pendulum and time-piece. 


Transit 

Time 

Transit 

Time 

Time for 
100 vibrations 


m s 


m s. 

m. s. 

0 

32 0 0 

100 

38 34*2 

6 34*2 

6 

19 8 

106 

64 0 

34 2 

10 

39 5 

110 

39 13 5 

34*0 

15 

69 3 

115 

33 0 

33 7 

20 

33 190 

120 

63*0 

34*0 

25 

38 5 

125 

40 12 5 

34 0 

30 

58 4 

130 

32 3 

33 9 

35 

34 18 2 

135 

52 2 

34 0 

40 

37 5 

140 

41 11*8 

34*3 

45 

57 5 

145 

31*3 

33 8 

60 

35 17 2 

150 

51*2 

34*0 

55 

36*5 

155 

42 11*0 

34 6 

60 

57 0 

160 

30*6 

33*6 

65 

36 16*4 

165 

60*0 

33 6 

70 

36 0 

170 

43 10*3 

34*3 

75 

56 0 

176 

29*7 

33 7 

80 

37 15 6 

180 

49 4 

33 9 

85 

35*0 

185 

44 9*2 

34 2 

90 

55 0 

190 

28 8 

33*8 

95 

38 14 5 

195 

48*5 

34 0 

100 

34 2 

200 

45 8*2 

34 0 


Hence mean time for 100 vibrations — 6 m. 33*99 s ® 393*99 seconds of 
tho time -piece. 

The time-piece loses 0 11 of its own seconds in one minute of the clock. 
Thus : 

True value of one second of time-piece true seconds. 

59 89 
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Hence, if T is the true tune of one complete vibration, 

T=M369x ^*3-94714 socon.U 

51 ) 017 

The length of the pendulum from the point of suspension to tho centre of 
the spherical bob was 388 01 cm. Hence, by (2), 

g = . x - 3 _ 8 _ 8 0 - 1 ^ 983 19 cm- ace. - ' 3 . 
y T* 3'94714 a 

If we had used the rate of loss obtained from the wholo of tho 81 minutes, 
viz. 0 142 seaond of time-piece per minute of dock, we should have Imd 

^*3-9399 x -^-r==3 94925 seconds, 


and then 


69 868 
^»982T4 om. sec. -9 . 


Experiment 2. Harmonic motion of a body suspended 
by a spring. 

28. Approximate theory. The principles of harmonic 
motion may be illustrated by an experiment in. which a heavy 
body, suspended from a fixed support by a light helical spring, 
performs vertical oscillations. We shall first give an account of 
the approximate theory of the experiment in order that the 
student may understand what measurements it ia nocossary to 
make 

Let the total mass suspended from the spring bo M gm., and 
the mass of the spring itself S gm. At present wo suppose that S 
is negligible in comparison with M. When the apiing is at rosb 
under the action of the load M \ its lower end will bo at a definite 
position which we shall call the standard position. If a small 
additional mass on gm. be added, the lower end of the spring will 
be h cm. below the standard position, and, with a suitable spring 
and a suitable value for M \ it will be found by experiment that if, 
instead of increasing the load from M to M -f m wo diminish it 
from M to M — m, the lower end of the spring rises h cm. above 
the standard position. It will also be found that h is proportional 

to 7 ) 1 . 

Hence, if the load must be increased from M to M' to stretch 
the spring by z cm. from the standard position, wo have 


M 9 


M+ h‘- 


a) 
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Thus, when the displacement of the lower end of the spring 1 
la^crn, the upward pull of the spring upon the load is M'g dynes. 

Keeping the load at the standard value M } let us now consider 
the two forces which act upon M when it is performing vertical 
oscillations and is z cm below its standard position. One force is 
the weight Mg dynes actmg vertically downwards, while the other 
is the upward pull of the spring As we are supposing the spring 
to be without mass, no forces are required to give its various parts 
the accelerations which they actually have, and henco the upward 
pull of the spring upon M when it is in motion , is equal to 
the upward pull of the spring when it is at rest, the end of the 
spring being z cm. below the standard position in each case The 
upward pull in the latter case has already been found to be 
M'g dynes, where M' is given by (1). 

The acceleration of M can now be calculated. The resultant 
force is (M'g — Mg) dynes or mgzfh dynes acting upwards, and 
hence, if the acceleration of M towards its equilibrium position be 
/ cm. sec. -3 , we have 

/ a i msec_4 ' ( 2 > 


The mass M has thus a restoring acceleration proportional to its 
displacement, and hence, by §§ 4, 9, its motion is harmonic, and T, 
the periodic time, is given by 

2tt 

(acceleration for unit displacement)^ 


sss 27 T 



secs. 


( 3 ) 


A more complete theory (§ 30) shows that, when S, the mass 
of the spring, is small, but not negligible compared with M t the 
periodic time is no longer given by (3) but approximately by 

^ 2tt J secs (4) 

The formula (4) indicates that, if we are to compare theory with 
experiment, we must know M> 8, and g and must find the value of 
h corresponding to any given small mass m . The value of T can 
then be calculated by (4) and the calculated value can be compared 
with that found by the use of a watch. 
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29. Experimental details. A helical spring suitable for 
this experiment may be made by winding a 
steel wire, about 8 mm. m diameter, on a 
cylinder, about 1 5 cm. m diameter, and the 
unstretched length of the spring may be con- 
veniently about 20 cm. The winding is done 
m a lathe. An indicator is attached to the 
lower end of the spring, and below this hangs 
a pan. The indicator may consist of a plate 
of brass, about 10 cm. long, 1*5 cm wide, and 
3 mm. in thickness, provided with small holes 
at each end for the attachment of the spring 
and pan, and with a bolt and nut m the middle 
for clamping a needle to serve as a pointer. A 
vertical scale, divided in millimetres, is arranged 
so that the needle moves along it, and the 
needle should have a sufficiently fine point to 
enable readings to be taken to a tenth of a 
millimetre. The general arrangement of the 
apparatus is shown in Fig 7. The hook or 
ring by which the spring is suspended should 
be capable of rotation about a vertical axis, so 
that the needle may be made to touch the scale Fig 7, 

when the latter is in a convenient position. 

Care should be taken to see that the scale is vertical, and both 
spring and scale should be supported as rigidly as possible. 

In performing the experiment, the pan and indicator are de- 
tached from the spring and weighed, their mass being P gm. The 
spring itself must be weighed separately, and its moss S gm. 
determined. If the load in the pan during the vibration is Q gm., 
then P 4- Q — M. The mass in the pan is now varied from (Q — 50) 
to ( Q + 50) gm. by steps of 10 gm., so that m varies from — 50 to 
+ 50 gm. and the reading of the position of rest of the indicator is 
taken for each load. From these readings the depression of the 
pointer below its standard position is found for each load. The 
values of m and h found m this way are plotted on squared paper, 
and, if the readings have been taken carefully, it will be found 
that the points obtained lie very approximately on a straight line 
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passing through the point m = 0, h = 0, and thus m/h may be taken 
as a constant quantity. To determine its value as accurately as 
possible, the readings of the pointer for m = — 50 and m = + 50 gm. 
are taken several times, the scale being moved after each pair of 
readings, in order that each pair of readings may be quite inde- 
pendent of the others. 

The periodio time can now be calculated from the equation (4) 
T= 27r v / (itf ^^ 3eoa. 

The value of g ia known to within 1 part in 1000, while (M + $S) 
is easily found to the same accuracy, and thus the acouracy of T 
depends mainly upon that of m/h. If m/h can be found to 1 in 
600, the value of T will not differ from the true value by more 
than 1 in 1000. 

The periodic time must next be found by means of a watch. 
Care must be taken that the value which M has during the 
determination of T is the same as that used in the formula. 
Three determinations of T should be made, and in each case at 
least 100 vibrations should be observed, with a view to finding T 
to within 1 in 1000. The watch should then be compared with a 
reliable clock and the value of T should be corrected for any error 
in the rate of the watch. 

30. Approximate correction for the mass of the spring*. 

When the mass M performs vertical oscillations, the particles of 
the spring oscillate also, but the exact relation between the motion 
of any part of the spring and the motion of M can only be found 
by differential equations when the mass of the spring is finite. If, 
however, 8 be smalt compared with M, a method due to Lord 
Rayleigh enables the periodic time to be written down easily, 
when, as is here supposed, the spring is uniform when it is un- 
stretched. 

When the spring is unstretched, let its length be l cm., so that 
the mass per unit length is 8/1. When the spring carries the 
standard load M and is at rest, it will^be extended, and the upper 
parts of the spring will be more extended than the lower parts on 
account of the weight of the spring itself The position of any 
* Students who find § 80 diffloult to follow should pass on to g 81 . 

* r . 


« 
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particle of the spring in this case may be called its standard 
position. If the spring be still further extended, the tension at 
every point of the spring will be increased by the same amount, 
and since the ratio of the increase of length to the unstretched 
length of every element depends only upon the increase of the 
tension, and not upon the tension before the increase, we see that 
the displacement of any particle P below its standard position is 
proportional to x, the distance of P from the fixed end of the 
spring when the latter is unstretched. Hence, if M be displaced 
through a distance z> the particle P is displaced through the 
distance zxjl. 

When M oscillates, the inertia of the spring comes into play, 
and the displacement of P from its standard position is no longer 
zxjl but a more complicated function of x } which the exact theory 
shows to be zsmqx/sm.ql } where q is a constant*. Thus, if the 
velocity of M be u , the velocity of P is not tuc/l but u sin gw/sin ql, 
and also the potential energy of the system for a given value of z 
is not the same as when M was at rest with the same displace- 
ment. But Lord Rayleigh's theorem f shows that we shall obtain 
a close approximation to the periodic time if we calculate the 
potential and kinetic energies on the assumption that the displace- 
ment of P is zxjl and that the velocity of P is uxjl . 

The mass of a length dx of unstretched spring is Sdx/l, and 
hence the kinetic energy of this portion is, on the above assump- 
tion, 


*'T’ l* 



.xPdx, 


If T \ the kinetic energy of the whole system, be ^c«u 9 , we have- 

Since f o?dx = $l a , 

Jo 

T=l*u>=l(M+iS)u> 

The potential energy, V t is, on the above assumption, equal to 


the work which is done in moving M infinitely slowly through 
heory of Sound , vol. i. 

-4355 


* See Note I. 

t Lord Rayleigh, Theory of Sounds voL i. § 88, Second Edition. 




'6 
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a distance z from its standard position. When M has boon dis- 
placed through z cm. from its standard position and is at rest, the 
upward pull of the spring against it is, by (1), (M+mz/h)g dynes, 
while the downward pull upon M duo to giavity is Mg dynes. 
Hence the force which must be applied to M to hold it in tins 
position is msg/h dynes, and the work done by the applied force 
while the displacement increases from zero to ^ is z times the 
average value of the force. Thus, if 


V = 


, mzg . mg 


We have thus found that the kinetic energy can bo expressed in 
the form ■£aw a , and the potential energy in the form J/Sz”. Hence, 
by § 17, the motion is harmonic, and its periodic time, T, is given by 


2 , = 2w v /. 


kinetic ene rgy for unit velocity 
potential energy for unit displacement 


as stated in § 28. 


' 27 r 


v 7. 




mg 


sees., 


31. Practical example. The results of an actual experiment aro 
given in the following table. 


Load in pan 

m 

Reading of pointor 

h 

gin 

gm. 

cm. 

cm 

1000 

-50 

1814 

— 2 46 

1010 

-40 

17*65 

-1*97 

1020 

-30 

17-18 

-WH 

1030 

-20 

16*67 

-0*99 

1040 

-10 

16*18 

-0*50 

1050 

0 

15*08 

0 00 

1060 

+10 

15*19 

+0*49 

1070 

+ 20 

14*70 

+ 0*98 

1080 

+ 30 

14*20 

+ 1*48 

1090 

+ 40 

13*71 

+ 1*97 

1100 

+ 50 

13 21 

+ 2*47 


f0und in this ^ «» P lottod «» squared paper, 
the points are found to ho very approximately on a straight lino, so that m/A 
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may be taken as a constant quantity. To determine the value of mjh as 
-accurately as possible, the following readings were taken — 


Scale readings 

Difference 

m= -60 gm. 

?»= +60 gm. 

cm 

cm 

om. 

17-14 

12*21 

4*93 

17 30 

12 38 

4 92 

17 58 

12 65 

4 93 

18 14 

13 21 

4 93 i 


The mean difference is 4 93 cm. and thus the mean value of h)m is 
4-93/100 or 0 0493 cm per gm. The value of M in this experiment was 
1093 0 gm and the value of S was 96 0 gm. 

ThuSj by (4), the periodic time is given by 




(1093+96/3) X 0 0493 
981 


= 1 494 seconds. 


The time of 100 vibrations was found by a stop-watch keeping good time 
The observed times were 149 5, 149 3, 149 5 secs. The mean value of the 
periodic time is 1 494 secs., agreeing to four significant figures with the value 
calculated from the formula. 


Experiment 3. Harmonic motion of a rigid body 
suspended by a torsion wire*. 

32. Introduction. This experiment is designed to illustrate 
the principles of harmonic motion m the case of a rigid body 
vibrating about a vertical axis under the action of a torsion wire. 

33. Theory of experiment. Let a rigid body he suspended 
from a fixed support by a vertical torsion wire and let the moment 
of inertia of the body about the axis of the wire be K gm. cm.*. 
Let the couple required to turn the rigid body through on© radian 
against the torsion of the wire be fj, dyne-centimetres. Then, when 
the angle is 6 radians, the couple is dyne-cm., and, when the 
body is free to move, the angular acceleration of the body is 
fiO/K radians per sec. per sec.f towards the equilibrium position. 

* Proceedings Oanib Phil . Soc., vol. xvrn p. 81. 
f Experimental Elasticity, Note m. 
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The motion is therefore harmonic and, by § 11, the periodic time 
is given by* 

27T 

= (angular acceleration for one radian displacement)^ 

= 2 tt a/ — seconds (1) 

V ft* 

In the experiment, K is found by weighing and measuring the 
rigid body and fi is found from a series of measurements of the 
angle through which the lower end of the wire is turned by a senes 
of couples applied statically. The periodic time is calculated by 
(1) and this time is compared with that which is obsorvod when 
the body is allowed to vibrate. The agreement between the 
observed and the calculated values of the periodic time forms 
a test of the accuracy of the dynamical pnnciples employed. 

34. The vibrating system. It is essential that the torsion 
wire should be properly secured (1) to the fixod support and (2) to 
the vibrating body. This result is best obtained by soldering each 
end of the wire into a hole drilled along the axis of a cylindrical 
rod a few centimetres in length and about 0‘5 cm. in diameter. 
One of these rods is secured by a set-screw to the fixed support 
and the other is secured by a set-screw in a hole drilled in any 
body which is to be suspended by the wire. These rods are so much 
stiller than the torsion wire that small variations in the positions 
of the points at which the set-screws press upon them make 
little difference in the couple required to turn the suspended body 
through one radian against the torsion of the wire. Care should, 
however, be taken that the set-screws, which fix (1) the vibrating 
system, and (2) the cylinder shown in Fig. 9, make contaot with 
the rod at nearly the same point. The torsion wires used for this 
experiment m the author’s practical class are of steel and are 
about 32 cm. in length and 0175 cm. in diameter. 

A convenient rigid body is a rectangular bar (Fig. 8) of length 
2 L cm., of width 2 A cm., and of depth 2 B cm. A hole, into which 
the cylindrical rods attached to the torsion wire fit, is drilled 
through the bar at right angles to the plane of the edges 2 L, 2 A, 

* It must be noted that the /t of § 11 corresponds in the present ease not to /i> 
but to /i/2T. 
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as m Fig. 8. The effective mass of the bar, M grammes, should 
be marked upon the bar. This is the mass of the bar before the 
hole was drilled through it or the set-screw was fitted to it* 

The moment of inertia of the bar is calculated by the formulaf 

K * J M ( L 8 + A*) gm. cm. 3 . (2) 

The mass of the metal taken out of the hole and the mass of the 
set-screw are appreciable in comparison with the mass of tho bar 
itself, and hence, if the actual moss of the bar after it has been 
drilled and fitted with a set-screw were used in formula (2), an 
appreciable error in K would result. But the hole and the set- 
screw are so close to the axis of vibration that the moments of 



inertia of the metal taken from the hole and of the set-screw about 
the axis are quite inappreciable compared with that of the bar 
itself and thus the moment of inertia of the bar, as actually used, 
does not differ appreciably from that given by (2), provided that 
by M is understood the mass of the bar before the hole was drilled 
through it or the sot-screw was fitted to it. 

The moment of inertia of the cylindrical rod soldered to tho 
wire is quite negligible in comparison with that of the bar. 

One of the heavy compound laboratory stands supplied by 
W. 0. Pye and Oo , of Cambridge, forms a convenient support for 
the upper end of the torsion wire. Whatever support is used 
should be rigid and free from shake. 

The periodic time of the inertia bar should be deduced from 
two or three observations of the time occupied by at least 100 
complete vibrations, and the time-pioce should, if necessary, be 
compared with a reliable clock. 

* Experimental Elasticity , Note YU, + Ibid., Note IV. 

S. H, M. 


3 
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35. Determination of the relation between couple and 
angle. In the determination of the couple required to twist the 
lower end of the wire through one radian, the inertia bar is 
removed from the torsion wire and a cylinder is substituted, as 
shown in Fig. 9. The couple is applied by means of a thread 
passing over two ball-beanng pulleys and supporting two small 
scale-pans, it is convenient to adjust the mass of each pan to be 
10 gm. A loop is made in the thread and this loop is passed 
over the set-screw securing the cylinder to the rod at the end 
of the torsion wire. 



Care must be taken that the parts of the thread between the 
cylinder and the pulleys are parallel and horizontal so that, when 
the two loads are equal, the threads may exert a pure couple on 
the cylinder Special care must be taken to ensure that the threads 
are tangential to the cylinder. 

If the diameter of the cylinder he D cm. and that of the thread 
be d cm., the distance between the axes of the two threads is 
D 4- d cm., and hence, when the load on each thread is m gm., 
the couple is 

0 = mg (D ■+• d) dyne-cm (3) 

The angle, 6 , through which the couple Q causes the cylinder 
to revolve, is determined by aid of the simple goniometer shown 
in Fig. 10. 

This instrument was designed in conjunction with W. G. Pye 
and Co. to provide the students at the Cavendish Laboratory with 
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a moans of measuring angles up to about J radian (about 14°) with 
an accuracy of radian. 

The base is formed of a strip of wood furnished at one end With 
a spheucal pivot and at the other with a cross-bar carrying a scale. 
Angles are measured by means of a moveable arm which turns at one 
end about the pivot, while the other end moves over the scale on 
the cross-bar. The optical systom consists of a lens fixod to the 
arm near the pivot and of a fine vertical wire attached to the other 
end of the arm and adjusted to be m the focal piano of the Ions. 

The spherical pivot is a phosphor-bronze ball attached to tho 
boso by a fitting whioh allows the distance between the ball and 
tho scalo to bo adjusted. The ball enters a conical hole turned out 
of a block of brass attached to the arm. This arrangement destroys 
throe out of the six degrees of freedom of the arm rolative to the 





Jj’ig. 10. 

base. Tho other end of tho arm carries two brass feet which rest 
upon tho cross-bar and thus destroy two degrees of freedom. The 
remaining degree of freedom allows the arm to turn about an axis 
through tho centre of tho ball and perpendicular to the piano of tho 
aurfaoe of the cross-bar. This design has tho advantage that it is 
impossible to strain tho instrument by lifting it by tho movoable 
arm, for the arm at once comeB away from the base. 

The scale on the cro&s-bar is divided into millimetres, and the 
ball is adjusted so that its centre is 40 cm. from the edge of the 
scale. Tho readings are taken by moans of a fine wire passing 
across an opening in tho arm and stretched by a spring; the wire 
is easily replaced if broken. The scale is engine-divided on white 
metal and is provided with an anti-parallax mirror. For small 

3—2 
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angles, one centimetre along the scale corresponds to ^ radian; 
as the scale can he read to ^ cm., the angle can be read to 
radian, or to about -fa degree. 

The lens attached to the moveable arm is achromatic and has 
a focal length of 35 cm. The vertical wire is held in an adjustable 
frame attached to the arm and is kept tight by a spring, and this 
frame is adjusted so that the wire is m the focal plane of the lens. 
The image of a distant point will then fall upon the wire, if the 
arm be properly directed. If a plane mirror be placed so that the 
lens lies between it and the wire, the image of the wire formed by 
two refractions through the lens and one reflection at the mirror 
may be made to comcide with the wire itself. 

When the goniometer is used in mechanical experiments to 
determine the angle turned through by a body about a vertical 
axis, a plane mirror is attached to the body and the image of the 
goniometer wire is made to coincide with the wire itself. If this 
coincidence is restored after the body has turned, the angle turned 
through by the body is equal to that turned through by the gonio- 
meter arm. To facilitate the adjustment, the short scalo which is 
provided with the instrument is fitted into the frame holding the 
wire, the divided face of the scale being turned towards the lens. 
On looking at the wire in the direction of the lens, an inverted 
image of the scale (formed by the lens and the plane mirror) will be 
seen crossing the wire. In this use of the instrument, all that is 
necessary is that the mirror should be nearly vertical and that the 
rays fiom the wire, after passing through the lens, should fall upon 
the mirror. No other adjustments are required, and the centre of 
the spherical pivot need not lie on the vertical axis about which 
the body turns. 

The goniometer is placed so that its lens is three or four 
centimetres from the mirror carried by the 
suspended system. 

In the present experiment, a plane mirror 
is attached to the suspended system, m the 
ma nn er shown m Fig. 9, by means of soft 
wax, or, more conveniently, by means of the 
simple device shown in Fig. 11, in which the 
mirror is attached to a horizontal and is 




EXPERIMENTAL WORK IN HARMONIC MOTION 


37 


n] 


thus capable of easy adjustment. The miiror is adjusted so that 
it is possible to see the inverted image of the small scale attached 
to the goniometer arm crossing the vertical wire of the goniometer 
The goniometer is securely fixed so as to be free from shake and from 
liability to accidental displacement. The base is adjusted so that, 
when the arm is in its central position, the image of the wire 
coincides as nearly as possible with the wire itself. The arm is 
then adjusted so that the image of the wire coincides exactly with 
the wire itself, and the reading of the indicating wire on tho edge 
of the scale on the cross-bar of the goniometer is taken. 

The thread is then attached to the cylinder and is passod over 
tho pulleys, carrying the pans alone ; the .mass of each pan should 
be adjusted to be 10 gm. The goniometer arm is then moved 
until the goniometer wire again coincides with its own image, and 
the reading on the scale is taken. The load on each end of the 
thread is then increased by steps of 10 gm. and the observations are 
repeated for each load. The goniometer arm turns through the same 
angles as the cylinder, when it is properly adjusted at each stage. 

If the reading on tho scale of the goniometer for any position 
of the arm differs fiom the reading when the arm is in the central 
position by a cm., and if the distance from the centre of the spherical 
pivot to the edge of the scale be p cm., then the displacement of 
the arm is 6 radians, where tan 8 = a/p. Hence 6 = tan -'a/p. 
When a/p is small, we have 


a j. en a lap lap 
8 « tan 1 - =* — + 

P P 3 p 8 5 p a 


If a/p is less than 1/20, it will generally bo sufficient to put 
8 = a/p. 

When a/p is greater than 1/20 it will be best to calculate tho 
value of tan 6 and from this to find 6 in degrees. Bobbomloys 
tables may then be used to find the value of 8 in radians . 

On dividing each value of 8 by the corresponding value of m, 
the result will bo very noarly constant, thus showing that the angle 
is proportional to tho couple. Tho moan value of 8/m is then found 
and is used in the calculation of ^ from the formula 
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Using this value of /i and the value of K already found from the 
dimensions of the inertia bar, the time of vibration of the bar is 
calculated by the formula (1) 

r=2*V£- 

36. Practical example. The observations may be enterod as in 
the following record of an experiment by G. F. C. Searle, Oot. 1908. 

Mass of inertia bar™ J/™826 gm. 

Length of inertia bar™2Z™37*88 cm. 

Width of inertia bar « 2 A = 1*60 om. 

Moment of inertia of bar ™2T ™ \M (X s +- d a )=» 9*894 x 10* gm. om. 8 . 

Distance from scale to nearer side of pivot™ 39*92 om. 

Diameter of pivot =0*38 om. 

Hence ^=39 92+4 x 0*38 «40T1 om.t. 

Diameter of oylinder™D™3*16 cm. 

Diameter of thread* <£=0*03 om. 


Load 

gm. 

Reading 

om. 

os 

om. 

tan d 

e 

degrees 

0 

radians 

1000 dim 
radiaus/gm. 

0 

15 00 

0 

0 

0 

0 


10 

14'43 

0-B7 

00142 

* 

0-0142 

1*420 

20 

13-87 

113 

0-0282 

4 

0-0282 

1-410 

30 

13 29 

171 

0-0426 

* 

0*0426 

1-420 

40 

12-71 

2 29 

0-0671 

* 

0*0571 

1*428 

50 

12-12 

2*88 

0-0718 

4° 6' 

0*0716 

1*432 

60 

11-55 

3-45 

0-0860 

4° 55' 

0*0858 

1*430 

70 

10 95 

4-05 

0-1010 

5“ 46' 

0*1007 

1*439 

80 

10-38 

4-62 

0-1162 

6 B 34' 

0-1146 

1*432 

90 

9*81 

5-19 

0-1294 

7* 22' 

0-1286 

1*429 

100 

9-20 

5-80 

0-1446 

8° 14' 

0*1437 

1*437 


# Q pat equal to tan# here. 


Mean value of 0/m™ 1*428x10"® radians per gm. 

Henoe, 8,186 * 1Qfl dyne-om. per radian. 

Thus, by (I) 

Direct observations with a good stop-watch gave 100 vibration* in 184*. 
133'7, 138-7 seconds. The mean value 1-339 agrees very closely with that 
deduced from the statioal experiments. 

t In the goniometer used in this experiment p wae not capable of adjustment. 
In the Instrument shown in Big. 10, p is adjusted to be 40-00 cm. 


> i i 
! 1 
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Experiment 4. Study of a system with variable moment 
of inertia. 

37. Introduction. The object of the experiment is to in- 
vestigate the relation between the moment of inertia of a system 
about the axis of the torsion wire by which it is suspended and the 
periodic time of the torsional vibrations of the body. A convenient 
system is shown in Fig. 12. The inverted T-piece is formed of two 
pieces of brass rod of circular section. It is suspended by a torsion 
wire whoso ends are soldered into small brass rods about 0’5 cm 
in diameter. These rods fit into holes in the rod E and the 
rod CD, and are secured by set-screws. A piece of pianoforte 
steel wire, which has been heated to redness by a flame while 



Fig. 12. 


under tension, forms a good torsion wire, since it is quite straight 
and is stiff enough to escape being accidentally bent. Tho 
wire used in § 39 was 15 cm. in length and 0 - 09 cm. in diameter. 
Tho bar AB carries two short cylinders P, Q, the axes of these 
cylinders coinciding with the axis of AB\ tho cylinders are secured 
to the rod by set-scrows. 

The rod E is held firmly in a suitablo unyielding clamp, or in 
any other way, bo that the torsion wire is vertical. 

The masses of the two moveable cylinders should be nearly 
equal, so that the moan mass may be used without appreciable 
error. 
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38. Theory of experiment- Let the moment of inertia of 
the T- piece about the axis of the rod CD be K 0 gm. cm. 9 , let the 
masses of the moveable cylinders P, Q be m lf gm , and let the 
moments of inertia of the cylinders P, Q about axes through their 
centres of gravity at right angles to their axes of figure be iTi and 
K a gm. cm. 9 . Let the distances of the centres of gravity of P and 
Q from the axis of CD be r x and r fl cm. Then, by the theorem of 
parallel axes*, if the moment of inertia of the whole system about 
the axis of CD be K gm. cm. 2 , we have 

K = K 0 + K x + K 2 + m x r^ + (1) 

Let 7 n 1 = m-{-n } m 2 == m — n, where m is the mean of the two 
masses. Let r x = \d + x, r 2 = %d — x, where d = r x + r a , the distance 
between the two centres of gravity. Then 

7/^ry 1 + wW = \rrid 1 + 2 ma? + 2nxd. 

If the two cylinders have been carefully turned and if care is 
taken to adjust them on the rod AB so that they are as nearly as 
possible equidistant from CD, both n and x will be so small that 


we may write 

m^i 2 + = $md 2 , (2) 

and thus (1) becomes 

K = JT 0 -f- + JTg 4* md 2 (8} 


It is thus only necessary to measure the whole distance d or 
i\ + r 2 , i.e. the distance between the centres of gravity of the 
moveable cylinders, and not the two separate distances r x and r a . 
Measurements must, of course, be made to enable the two cylinders 
to be set symmetrically on the rod AB, but no further use is made 
of those measurements. The distance d is measured after the 
cylinders have been arranged as nearly as possible symmetrically. 

If the couple required to twist the system against the torsion 
of the wire be fi dyne-cm. per radian, we see, by § 33, that, if tho 
periodic time be T secs., 

T 9 = (4tt 9 //*) {K q + K x + K 2 + \md*} (4) 

Hence, if d be varied and the corresponding values of found 
experimentally be plotted against d\ the points ought to he on a 
straight line. 




Experimental Elasticity, Note IV. 
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If T and T be the periodic times corresponding to the distances 
d and d\ we have from (4) 


and thus 


= Kq + Ei + E a + jTnd* 


TT jlT? _i_ it _’M'(T f *d“ — T*d' 
Ko+Ki + K t Y( T*-T's) 


.(5) 


Hence IC a + K x + K% can be determined from two observations or 
from two points on the straight line which lies most evenly 
among the plotted points when a senes of observations is made. 

The value of 1T 0 -f 2Ci + E 2 given by (5) may be compared with 
that deduced from the masses and dimensions of the bodies. 

If the length of the rod AB be 2 1 cm. and its diameter 2 a cm., 
and if its mass be M gm., its moment of inertia about the axis of 
CD is + £a a )*. If the diameter of the bar CD be 2c cm 
and if its mass be M f gm , its moment of mertia about its own 
axis is %M'c\ and hence 


Here M is the mass of AB before any hole is bored in it ; 
M f may be taken as the difference between the whole mass of the 
T-piece and the mass of AB . These masses should be marked on 
the rods. 

Let the mean length of each moveable cylinder be 2 h cm and 
let the external diameter be 26 cm., then, since the internal 
diameter is 2a, we obtain by the method of § 55 

E 1 + K* - 2 m{bh* + £(6> + a a )}. 


39. Practical example. The observations may be entered as in 
the following record of an experiment by Miss B G E. Hooke. 

Length of bar 00 cm. Hence £=12 5 om. 

Diameter of AB *= 2a * 1 *26 om. Henoe a = 0 63 cm. 

Mass of gm. 

Moment of inertia of + ^0=26*7 = 13932 gm. cm. 2 . 

Diameter of bar CD«2fl=l-26 cm. 

Mass of QD*nM’= 126 gm. 

Moment of inertia of $ x 126 x 0'63 2 aa26 , 0 gm. cm. 2 . 

Total moment of mertia of T-piece =Z 0 = 13957 gm cm *. 

* Experimental Elasticity , Note 1Y. 
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Masses of sliding cylinders ; wij =54 82 gm ; * K a“ C4*G2 gm. 

Mean mass = m « £ (m 1 + m ?) = 54 72 gm. 

External diameter of cylinders =25 =3 14 cm. Honce 5=1 57 cm. 
Internal diameter of cylinders = 2a = 1 26 cm. ITonco a =0*03 cm. 

Length of oylinders; 2Ai=l 02 cm ; 2 /^ = 1*04 cm. 

Mean length = 24 = h\ +/* 2 = 1 03 cm Honce A— 0 015 cm. 

Hence for the shding oylinders 

X 1 +jr a =2m^43+i(5 2 +a2)} -109 4 {JxO 51G a 4*i (1 07 3 +0*G3 a )} 

= 87*95 gm cm. 3 . 

Hence ^ 0 +A r 1 +iT a «I 3957 + 88 = 14 O 15 gm. omA 

A senes of observations was made in which the distance between the 
centres of the oylinders P and Q was ohangod. 


03 

O 

9 

Number of 
vibrations 

Time 

sees. 

Periodic 
time (2') 
seas. 

T fl 

flOOfl . 0 

cm, 3 

23 97 

70 



3-400 

574*0 


70 

130 2 




20 23 j 

80 

138*4 

1 706 


400-3 


80 

136-6 

1 



15 86 

90 

140 0 

1-600 

2 421 

£ i01-6 


90 

140*0 




12*30 

100 

144*6 

1*447 

2*004 

151-3 


100 

144*8 




8*30 

100 


1351 

1*825 

08-81) 


100 

135 2 




4 33 

100 

129*8 


1-086 

18-76 


100 

129*8 





The observations were then plotted with d? as abscissa and T* as onlumte 
and the points were found to lie very nearly on a straight lino. The value of 
(IT 0 +ir i -hA' 2 ) was deduoed from the straight line lying most evenly among 
the points. From this straight line it was found that, when rf a -0, 7** 1 -(J26 
secs. 3 and that, when cP=674*0 om. 3 , 2 T2 «=3*45 eoosA Honce putting d '** 0 
m (5) we have 


7T+7r±rr 54 72x1-625x574 1MUjl 
ifo+ir i +ira " "2(3 45-1.625)" “ 15984 «“• 0m *’ 

The value found directly was 14045 gm, cm 3 and thus the diflbronco 
between the two values of (ir 0 +A' 1 + ir a ) ie less than 1 part in 200. 


Experiment 5. Dynamical determination of the ratio 
of couple to twist for a torsion wire. 


40. Introduction, One of the most important applications 
of Jaarmomc motion is the determination of the ratio of the couple 






II] EXPERIMENTAL WORK IN HA11MONIO MOTION 43 

to the twist when a system is capable of vibration about a vertical 
axis. In the present experiment the systom is suspended by a 
torsion wire, and thus the restoring couple is proportional to the 
angle through which the system is twisted, unless the angle is so 
large that Hooke’s law begins to fail. 

If the restoring couple is p.6 dync-cm. when the angle is 
0 radians and if the moment of inertia of the body about the axis 
of suspension is K gm. cm a , the motion is harmonic and the 
periodio time T is given (§ 33) by 

2’=2tt J- seconds (1) 

V fX 

Hence, if K be calculated from the mass and dimensions of the 
body and if T be observed, we can find fx from the formula 

li = dyne-cm. per radian (2) 

41 . Experimental details. The two ends of the wire AB 
(Fig. 13) are soldered into two pieces of rod C, D about £ cm. 
in diameter. The rod C is held 
m a suitable firm clamp so that 
the wire is vertical and the rod 
D passes through an inertia bar 
B, being secured by a set-screw 
S. 

The time occupied by a largo 
number of complete vibrations is 
found at least twice, the observa- 
tion in each case extending over 
at least two or throe minutes— 
the longer the bettor, if accuracy 
is required. The mean time of 
a complete vibration (T secs.) is 
then deduced. Unless the time- Pig. 18. 

piece in use be known to be 

keeping good time, it should be compared* with a good clock to 
find tho necessary correction. 

* Sea g 28. 
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A stop-watch is generally used m observing the time of 
vibration. But very good results can be obtained by the method 
described in §§ 26, 27, using an ordinary watch or clock fitted 
with a seconds hand. 

The accuracy of the work may be tested by using two or more 
inertia bars and compaiing the values of p found with thorn. If 
the rod soldered to the end of the torsion wire be long enough, 
two or more bars can be clamped to it. 

The moment of inertia of each bar is calculated from its mass 
and dimensions. If the bar be rectangular and if its length be 
2 L cm., its width 2 A cm., and its mass M gm., and if K be its 
moment of inertia about an axis through its centro at right angles 
to 2 L and 2 A, 

(3) 

The fundamental difficulty in every experiment with inertia 
bars is the impossibility of knowing that tho density of the bar is 
uniform. It is found that there may be sensible differences of 
density at different points of a brass bar. Tho formula (3) 
assumes uniform density, and may be inaccurate if tho density is not 
uniform One way of meeting this difficulty is to use a number 
of bars and to find tho value of /i for a given suspension by aid of 
each bar in turn. If a number of the bars give closely concordant 
values for there is great probability that the values of K 
assumed for those bars are nearly correct. 

42. Practical example. The observations may bo entered as in 
the following record of an experiment on a brass wire. Two iuorbia bais 
were used. 

Mass of bar (1)=* J/i=800 7 gm. 

Length « 2.2/! =37*88 cm. Width = 2.^ = 1 '58 cm. 

Hence (A a +^i a )«Jx8CK)-7(18‘94 a +0-70 1! ) 

«9 691 x 10 4 gm. om. a . 

Mass of bar (2)™Ar a «666 gm. 

Length = 2 Z- 2 =« 30 02 cm. Width — 2 1*60 cm. 

Honce J5T a =ix655 (15*01 a +0*80 a )~4’933xl0* gm. om. a . 

The following results were obtained, using the two bars separately and 
together ; a stop-watoh was used. The moment of inertia of the two bars 
together is A'i +a - B 14 , 624x 10 4 gm. om. a . 

The value of p was found in each case by the formula 
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XI] 


Moment of 
inoitui — K 
gm. cm. 3 

Number 

of 

vibrations 

Time 

S00S. 

Periodic 
timers T 
sees 

Ratio of oonple to 
twist =ji dyne-cm. 
per radian 

9 591 x 10* 

50 

12C-0 

2-016 

5 981 x 10 6 


no 

125 5 




50 

125 8 



4 933x10* 

100 

180*1 

1-802 

5 908x10® 


100 

180-4 




100 

1801 



14 524x10* 

50 

1551 

3-094 

6 990x10® 


50 

154*7 




50 

164*4 




Experiment 6. Comparison of the moments of inertia 
of two bodies. 


43. Theory of experiment. When a rigid body suspended 
by a vertical torsion wire vibrates m the periodic time T secs , its 
momont of inertia {K gm. cm. a ) about the axis of suspension is 
given by 

4 ^’ 


•(1) 


where the couple required to turn the suspended body through 
one radian against the torsion of the wire is p dyne-cm. We can 
use this expression to compare the values of K for two bodies if we 
clamp them in turn to the torsion wire and find the corresponding 
periodic times. Thus, if T x and T* secs, bo the periodic times 
of the two bodies whose moments of inertia about the axis of 
suspension are K x and K 2 gm. cm. s , we have 


•(2) 


X W 

The operation of timing is carried out exactly as in Experiment 5. 
If the valuo of K x be found by calculation from the moss and 
dimensions of the first body, the moment of inertia of the seoond 
body can be deduced by (2). 


44. Practical example* Tho observations may be entered as in 
tho following rooord of an experiment. 

Mass of rectangular inertia bar«Jfi- 800*7 gm. 

Length— 2/^- 37*88 cm. Width - 2.4 !- 1*68 cm. 

Hence iTj- JJfi (L i B +^i 8 )- 9*501 x 10 4 gm. om. 9 . 
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The time of 50 vibrations was 126*0, 125 5, 125 8 ; mean« 125*8 seos 
Hence ^\=125 8/50=2 516 seos 

The second body was also a rectangular inertia bar. The time of 100 
vibrations was 180 1, 180 4, 180 1, mean = 180*2 aocs. 


Hence T a = 1 802 secs. 

-p /0 , _ 9 591x10* Xl’802 a .non in* 

By (2), K 2 = fa = 4*920 x 10* gm cm. 2 . 

The moment of inertia of the second body was calculated from its mass 
and dimensions. 

Mass of rectangular bar=^f 2 =655 gm 
Length = 2 .^ 2 =30 02 cm Width=24 2 =l 60 om. 

Hence K 2 = Jif (Za 2 -M 2 3 )=4 933 x 10* gm cm 3 

The discrepancy between the two values of Ii 2 is only about one part in 
four hundred. * 


By (2), 


= 4*920 x 10* gm cm. 2 . 


Experiment 7. Experiment with a pair of Inertia bars. 


45. Introduction. Two inertia bars A , B (Fig. 14) are con- 
nected together by a wire CD, and 
the whole system is suspended by a 
fine line of plaited silk (fishing line) 
two or three metres in length *. The 
ends of the wire are soldered into 
short rods about 0 5 cm. in diameter, 
and these rods are secured in the 
inertia bars by set-screws. Each of 
the two rods is furnished with a 
small hook, by which it can be at- 
tached to the silk line. 

The torsional rigidity of such a 
silk suspension is so small compared 
with that of the wire CD that for 
all practical purposes it may be 
neglected. We thus obtain a system which is practically froe 
from any applied couple. Its resultant angular momentum is 
therefore constant. In Experiment 14 the silk line is replaced 
by a wire and the investigation then becomes more difficult. 

If the two bars are set vibrating in opposite directions, it will 
be possible, by applying a couple at any point of the wire, to 

* It is necessary to use aplaxted and not twisted oord, sinoe, if twisted cord is 
UBed, it exerts a couple upon the suspended system. 
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adjust the vibrations so that, when one bar is instantaneously 
at rest at the extremity of its vibration, the other bar is also 
instantaneously at rest. In this case, the resultant angular 
momentum is zero, and it will remain zero since the silk sus- 
pension exerts no appreciable couple upon the system. Since the 
two bars move in opposite directions, there must be some pomt P 
on the wire OD, where the wire does not rotate. This point can 
be discovered by attaching to the wire a light pointer (knitting 
needle) by means of the small clamp shown in Fig. 15. The bars 
are set into vibration and the 
pointer is then held fast for a 
moment and then is released. It 
is easy to see whether the pointer 
now vibrates or not, and, if it 
does vibrate, to decide whether 
it moves in the same direction as 
the upper bar or in the same direction as the lower bar. 

46. Theory of experiment. Since the point P is at rest, 
the bar A vibrates as if it were suspended by the torsion wire OP 
and the bar B vibrates as if it were suspended by the torsion wire 
DP. On the assumption that the wire is wrdform , we can easily 
calculate the position of P. Let the moments of inertia of the 
■ bars A , B about the axis of suspension be K u gm, cm.*. Let 
the length of the wire GD be l cm., measured between the ends of 
the two small rods into which the wire is soldered. Let OP =» li 
and DP = l* cm. Let the couple required to twist one end of a 
piece of the wire one cm. in length through one radian with respect 
to the other end be rj dyne-cm. Then, the oouple required to 
twist one end of CP through one radian with respect to the other 
end is 97 /Z 1 dyne-om. 

Hence, if the periodic time be T , secs., we have (§ 33) 

(1) 

The periodic time of the other bar is also T t , and thus 


r.-^v^r : (2> 

Hence b *(®) 



j * JLt Ik i 



A 'A -L. *4. ip -4 
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and thus the point P may be described as being at the “ centre of 
gravity " of the two moments of inertia. 

If the system be removed from the silk line and if the bar A be 
clamped to a firm support so that the wire CP is vertical, the bar 
B , when set into vibration, will vibrate under the influence of the 
whole length l of the wire. Hence, if T* secs, be its periodic 
time, 

r.-Vf ■<«> 

If B be clamped and A be allowed to vibrate, its periodic time will 
be 

/Kj /t£\ 


T x — 2tt 


From (1) and (5) we have 
and from (2) and (4) 




■■ ITf/Tf. 


Since h + ? s = l, we obtain 


T^T-? + Tf 


We have obtained (6) on the assumption that the wire is 
uniform. But its truth does not depend upon the uniformity of 
the wire, and we shall now give a second proof. 

Let the couple required to twist one end of the wire OP 
through one radian relative to the other end he (i dyne-om. Then, 
if the bar A is displaced through an angle 8 X in one direction and 
the bar B through 6* in the same direction, the couple exerted 
by the wire is fi (0 a — 0 4 ) dyne-cm. The wire aots on A in the 
direction tending to diminish 6 X and on B in the direction tending 
to increase 0 9 . Hence the equations of motion of the two bars 




Kt - jp* ■ (0i — 0i). 


Hence 


s* ~ ~ + srj ^ 


.iiiilti 


. fi i * K i • 5 ? * * « 

< ) » i 1 i i H } 5 ' I ‘ - ‘ L 

■iitllilMiiiMiljtfi 
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Th + t*? gI ! the tW0 bars thus varies harmonically 

with the time. If T, he the periodic time, we have, by § 10, 


But 


T, 

T, 


■“"V; 


W+ w 


..( 8 ) 


’ 1 = 2,r \/f' = 2 tt /\J ~ , 


A 1 J 


( 9 ) 


and hence 

as we found before. 

Since 0 a - 0 2 varies harmonically, we may put Q-,-6~=Bsmnt 
where p = 2ir/T t . Then, by (7), 


-tti-^ r = -^smpt. 


The integral of this equation is 

0i = G + Ht + (fifl/Ktf*) smpt=G + Ht + (fiT^T?) sin pt, 
whore G and S axe constants. Thus the motion of the bar A is 
the resultant of a uniform rotation with angular velocity H and 
a harmonic motion. Since 0i-0 a =08in pt, we find by (9) that 
the position of the bar B is given by 

6 2 = 0 1 -/3Bmpt=G + Ht- (/3TJ/TJ) sin pt, 
so that the motion of the bar B is of the same type as that of the 
bar A. 


47. Experimental details. The two bars are attached to 
the torsion wire, and each is clamped to a steady support while the 
periodic time of the other is bemg found. The ratio of the squares 
of the periodic times, TfjTf, is compared with the ratio of the 
moments of inertia of the bars (§ 43), if these are of such forms that 
their moments of inertia are easily calculated. With careful work 
the two ratios will agree closely. The system is now suspended by 
the silk line and the bars are set vibrating in opposite directions. 
The pointer is adjusted on the wire so that it will remain at rest 
if it is released after having been brought to rest while the bars 
are vibrating. The observer is aided in this adjustment by 
noticing whether the pointer moves m the same direction as the 
upper bar or in the opposite direction. A good deal of care is 
needed to get a close adjustment. 


s. H. M. 


4 
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The periodic time, T a , of the two barn is now observed. If tb 
pointer has a very slight angular velooity, this may be cliuckc 
from time to time so as to keep tho pointer very approximately i 
a constant direction 

There is a point on tho wire such that, if tho pointer 
clamped there, a couple applied to tho clamp will cause the tw 
bars, supposed initially at rest, to move round as if they wei 
rigidly connected. Lot tho distances of this point from tho out 
0, D of the wire be h u cm. Then, if tho bars ancl the pninti 
are initially in one plane and 8 X , ft,, are tho angles botweo 
them and that plane at any subsequent time, wo haw, when tb 
wire is uniform, 


JL(a-q\-k 

Kl dt % * 


!<+■ 


q \ _ r/* 


If e i = 0 a always, then frOJdt'^d'dz/dt", and hence hJCx - k A K 
The position of the pointer is theioforo the same as that foun 
in § 4j6. 


48. Practical example. The observations may he entered an i 
the following record of an experiment by G. F. <J B carlo 

A brass wire was used ; it was 0*15 era. in diameter and was GO ora. : 
length between the two rods into wliioh it was soldered. Tho inertia ba: 
were of reotangular form. 

Maas of bar A = J/i«B26 gm. 

Length = %L\ = 37 88 om. Width =* 2A 1 « 1 GO cm. 

Hence 9*894 x 10 4 gin. cm. 8 . 

Maas of bar jB=ifa=G55 gm. 

Length =2Xa= 5 30*02 om Width « 2A 1*80 om. 

Henoe A" a = Ji/a (^a a + 4*933 x 10 4 gm. om. 9 . 


Then 


s 


9-894X10 4 

4 : 933X10*“ 


2*000. 


The time of 100 vibrations of the bar A } when A was fired, was 308*4, 30G* 
387*2 ; mean 368*5 soos. 

Hence 3*665 soos 

The time of 100 vibrations of the bar B, when A was fixed, was 259* 
258 7, 259 0 ; mean 259*0 boos. 

Hence 2*590 secs. 


Then, by § 43, 


B 

K % 

This result agrees olosoly with that found from 


“X-gE-il*. 


the dimensions of tho bw 
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The tune of 100 vibrations of the two bars when the system was suspended 
by the silk line was 211 2, 211 8, 211 4 ; moan 211*6 sees. 

Hence y 3 =2 116 socs. 

Thon l/r 3 *=l/2*lir)«=0*223C, 

and l/T l a+l/7 , il a =l/3 GG5»-M/2 590 a =0*0744 +0*1491 =0 2235 

Honco the fonnula (0) is very closely verified. 

It was found that whou the pointer was fixed to tho wire so that 
CP =10 cm,, DP=AQ mu (Fig. 14) it roinainod stationary when the bars 
vibrated. 


Experiment 8. Determination of the moment of inertia 
of a rigid pendulum. 

49. Theory of rigid pendulum. Consider a rigid body of 
muss M gm. which can turn about a fixed 
horizontal axis , this axis cuts the plane of 
tho paper in Fig. 16 at right anglos. Let 
the body bo displaced so that the perpen- 
dicular 00 from tho centre of gravity G 
upon the horizontal axis makes an angle 
8 radians with the vortical OZ. Let 00 
be h cm. Thon the distance ON between 
the two vortioals through 0 and 0 is 
h sin 8 cm., and, therefore, tho moment about 0 of the weight of 
the pendulum is Mgh sin 8 dyne-cm., since the action of gravity 
on the pendulum is equivalent to a single vertical force Mg dynes 
acting downwards at Q. This moment always acts so as to tend to 
make 00 coincide with OZ. The reaction of the axis or knife- 
edge passes through tho axis of rotation, and honce has no moment 
about it. 

If tho moment of inertia of tho body about tho horizontal axis 
be K gm. cm.*, and if the angular acceleration of tho line 00 bo 
a radians per see. per sec. in tho positive direction of 6, we have* 

Ktt m — Mgh sin 8, 




Fig. 16. 


* Experimental Elaitioity, Note III. 


4—2 
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This angular acceleration is exactly the same as that of a simple 
pendulum of length l, where 

i.JL 

Mh’ 

and the rigid body will, therefore, vibi ate in exactly the same time 
as the simple pendulum if the arcs of vibration be equal, and this 
will be the case whether the arc is large or small. If the ponodic 
time for an infinitesimal arc be T secs., we have, as in § 24, 

( 2 ) 

The length l is called the length of the simple equivalent 
pendulum. 

Equation (1) may also be obtained by the principle of energy- 
Let ft be the maximum value of 0; then when 0 = ft, the body is 
instantaneously at rest, and has no kinetic energy. When the 
body has moved so that QOZ = 0, the centre of gravity has 
descended through a distance h (cos 0 — cos ft) from the position 
it had when 0 — ft. The work done by gravity is therefore 
Mgh (cos 0 - cos ft) ergs, and this must be equal to the kinetic 
energy of the body. Since the angular velocity of the body 
about the axis is dO/dt radians per sec., the kinetic energy is 
(dfl/dty ergs. Hence 

\E (^) = Mgh(zoa0-ooaft). 


Differentiating with respect to the time, we have 


yrdO d 2 0 

* di'Tt • 


-Mgham0. 


or K ^ = - Mgh am 0 (3) 

Since d*8jdt 3 is the angular acceleration, (3) is identical with (I). 

We could use equation (2) in determining g if we knew 
T, M, K and h , but, though T, M and h are easily found, it is 
impossible to calculate K with any accuracy from the form of the 
body, since this would require a knowledge of the density of every 
part of the body, in addition to an accurate knowledge of the form 
of the body. For this reason equation (2) is useless as a means of 
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finding g In accurate determinations of g this difficulty is met 
by the use of Hater’s pendulum, which is oaused to vibrate about 
each of two parallel knife-edges in turn , the moment of inertia of 
the pendulum about an axis through its centre of gravity parallel 
to the knife-edges is eliminated by this procedure. 

A method in which the moment of inertia of the pendulum is 
found by comparison with that of a bar of simple geometrical 
form, assumed to be of uniform density, is given m Experi- 
ment 10. 

We shall use equation (2) to enable us to determine the value 
of K for the rigid body. Thus 


K = 


T'Mgh 

4 ^ 


W 


If we can balance the body on a knife-edge or fulcrum we can 
measure h directly, and we can then find the product Mh. But it 
may happen, on account of the form of tho body, that it is difficult 
to do this, and m that case we must use a method which enables 
us to find Mh without measuring h directly. The two methods are 
illustrated below. 


50. Determination of periodic time. Before proceeding 
to obtain tho periodic time, the student should ascertain whether 
the bob of the pendulum (if moveable) is in the standard position. 
Unless this is done, the demonstrators will not be able to judge of 
the accuracy of the results obtained. The periodic time T is 
determined either by finding by a stop-watch the time of 100 or 
more complete vibrations or by the method used m § 26 m timing 
the simple pendulum. If a stop-watch is used, at least two sets of 
observations should be made. If necessary, a correction must be 
made for the gaining or losing of the time-piece. Tho amplitude 
of vibration should not exceed a few degrees. (See Note II.) 

51. Determination of Mh- Method X. When the body 
is of suitable shape, it can be balanced on a fulcrum so that 
the centre of gravity G is vertically below or vertically above 
the fulcrum, m the latter case the equilibrium is unstable. If 
the body is so balanced that the line 0G (Fig. 18), which was 
vertical when the body was hanging undisturbed from the knife- 
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edge 0, is now horizontal, then the distance between the vertical 
lines through 0 and through the fulcrum is the length h. 

The mass, M gm., of the body is found by the ordinary process 
of weighing. 

Fig. 18 shows one of the rigid pendu- 
lums used at the Cavendish Laboratory 
for this experiment. A ring carrying a 
knife-edge 0 is attached to a steel rod, 
and a heavy brass cylinder can be clamped 
to the rod at any point. The knife-edge * 
rests in a V-groove m a support, as m 
Fig. 17. 

The determination of h may be more 
conveniently earned out m the following 
manner. A fine groove E (Fig. 18) is 
turned in the rod within a few millimetres 
of the centre of gravity of the pendulum 
when the bob is m the standard position, 
and the distance of the centre of the groove 
from 0 the knife-edge of the pendulum 
is accurately determined. The pendulum is then placed with the 
groove E resting on the fulcrum F and a small mass of m gin. is 
suspended from the pendulum, as in Fig 18, and is adjusted so that 



Fig. 17. 




Fig 18. 


the pendulum is in (unstable) equilibrium. If 7 be the point of 
suspension of m , and if y cm. be the horizontal distance of Y from 
the groove E , then the horizontal distance, x cm., of the centre of 
gravity from F is given by 


x 


my 
M' ’ 


( 5 ) 


When 7 and 0 lie on opposite sides of the fulcrum F , the centre 
of gravity 0 lies between 0 and E and 

h — 00 = OE — x. 


k 


( 6 ) 
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52. Determination of Mh ■ Method II. In this method 
the value of Mh is deduced from the deflexion of the pendulum 
when a horizontal force is applied to it by a thread which passes 
over a pulley and supports a weight. The general arrangement 
of the apparatus is shown m Fig 19. The thread from the ball- 
bearing pulley L is attached to 
the pendulum at P, and the point 
of attachment to the pendulum 
is adjusted for each value of the 
deflecting mass so that the thread 
PL is horizontal. Let the direc- 
tion of the thread cut the vertical 
OR from 0 m Q. The adjustment 
of the thread may be made by 
aid of a straight edge placed close 
to the thread PL\ the straight 
edge is set horizontal by a level. 

By viewing the thread and the 
straight edge together, it is easy to detect very small deviations 
of the thread from the horizontal. The vertical planes through 
the thread and the straight edge should be approximately parallel. 

The lower end of the pendulum carries a pomter formed of a 
short piece of knitting needle soldered into a hole m the rod. We 
shall suppose that, when the pendulum is hanging undefleoted, the 
tip 8 of the pointer is vertically below 0. Then 008 is a straight 
line. A scale, set horizontal by aid of a level, is arranged so that 
the horizontal displacement of the tip 8 can be measured. 

The distance OQ is found m the following manner. The 
reading of the pointer 8 is taken while the pendulum is un- 
deflected. The pendulum is then held in this position while the 
thread is adjusted on the pendulum so that the thread PL is 
horizontal, as judged by the straight edge. The distance of the 
thread from 0 is ascertained by measuring the distance of the 
thread from 0 directly or, more conveniently, from a mark on 
the pendulum whose distance from 0 is known. 

Let the distance from the knife-edge 0 to the tip 8 of the 
pointer be l cm, let OQ be d cm., and let the angle SOR be 
6 radians, when the mass supported by the thread is m gm. 
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Let the horizontal displacement of 8 from its position when the 
pendulum is undeflected be x cm. Then, taking moments about 
0, we have 



Mgh sin 6 = mgd 

(7) 

But 

sin0 = wjl, 


and hence 

Mh = ^~ 

xjm 

(8) 


A senes of observations is made m which m is varied. The 
corresponding values of x are found and the mean value of xjm 
is calculated. It is convenient to adjust the scale-pan, m which 
the masses are placed, to have some definite mass — say 10 grammes. 
During the observations, care must be taken not to lean upon tho 
supports of pendulum or pulley or scale. 


53. Practical example. The results may be entered as in tho 
following record of an experiment by G. F 0 Searle. 

Determination of ML Method L 
Mass of pendulum = Af= 1761 gm. 

Distance of groove from knife-edge =41 37 cm. 

Mass of rider =20 gm. 

Distance of rider from fulcrum =32 cm (on opposite side to knife-edge). 
Hence A= 41 *37 -20x32/1 761 =41*37 -0 36 =41 01 cm. 

Hence AfA= 1761 x 41 01 =7*222 x 10* gm. cm. 

Determination of ML Method IL 

Length of pendulum from knife-edge to tip of pointer =Z= 115-0 cm. 
Distance of the thread from the knife-edge when the pendulum is vertical 
=c2= 49*82 cm. 


Load (includ- 
ing pan) m gm. 

Beading of 
pointer, ozn 

Deflexion 
x cm. 

xjm 

cm. gm _1 

0 

12*24 



20 

13*81 

1-57 

0 0785 

40 

15*40 

3*16 

0 0790 

60 

16 99 

4 75 

0*0792 

80 

18 57 

633 

0 0791 

100 

20*15 

7*91 

0 0791 

120 

21*71 

9*47 

0 0789 

140 

23*31 

1107 

0*0791 


Mean value of 57/721=0*0790 cm. gm." 1 . 
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„ r. ,„s tn ld 1115 0X40 82 

Honco, by (8), Mh = = — qqjqq — = 7 252 x 10* gm om. 

Time of 100 complete vibrations 147 8, 147-3, 147-2, 147 6 , 147 5 


eecs. 


Ponodio tirao= T- 1*475 much 


By (4), 


'mr/iff 

A " 47T a 


„ ,rAV JT rr 1 475* x 7*222 x 10 4 x 981 

By Method I, A= =3*004 x 10° gm cm. 2 . 

„ „ JTT I'475 2 x7*252 x 10* x 081 

By Method II, A ^3 3 021 x 10° gm cm. 2 . 


Experiment 9. Experiment on a pendulum with variable 
moment of inertia. 

54. Introduction, Tho properties of moments of inertia 
are "well illustrated in the following experiment on a rigid 
pendulum. A pendulum rod, as illustrated m Fig. 18, is used 
and two seta of observations are made. In one set the cylindrical 
bob is attached to the rod in a position defined by two small 
grooves turned in the rod, one at each end of the bob In the 
second set of observations tho bob is removed from the rod. 

Let tho moment of inertia of the unloaded pendulum about its 
knife-edge be iT 0 gm. cm. 8 and let that of the loaded pendulum 
be K x gm. cm. 8 . Let tho mass of the unloaded pendulum be 
M q gm. and lot the mass of tho bob be M gm. , let the distance 
of the centre of gravity of the bob from the knife-edge of 
tho pendulum bo l cm. and let tho moment of inertia of the bob 
about an axis through its centre of gravity parallel to the knife- 
edge of the pendulum be if/c®. Then, if the moment of inertia of 
tho hob about tho knife-edge be we have, by the theorem of 
parallel axes*, 

= + (1) 

The experiment is designed to test the agreement between K x and 
JTo + tfu. 

55. Experimental details. The periodic time, T 0 secs., of 
the unloaded pendulum is found as in § 50. The mass, Jf 0 gm., 
is found by weighing, and the distance, h 0 cm., of the centre of 
gravity from the knife-edge of the pendulum is found as in § 51 by 

* M^nrimntal £lla$ticity t Note IV. 
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balancing the pendulum on a fulcrum. The moment of inertia 
of the unloaded pendulum about its knife-edge is then calculated 
by the formula 

( 2 ) 

The observations are repeated on the loaded pendulum. If the 
periodic time be secs , and the distance of the centre of gravity 
of the loaded pendulum from its knife-edge be cm., the moment 
of inertia of the loaded pendulum about its knife-edge is given by 


__ Ti ( M q + M) gh^ 

4 77 2 


( 3 ) 


since the mass of the loaded pendulum is M 0 + M gm. 

The boh, which is in the form of a cylinder whose axis coincides 
with that of the pendulum rod, is now measured and its moment 
of inertia is calculated. Let its length be 2 A cm., its external 
diameter 2R cm. and its internal diameter 2r cm ; the latter may 
be taken as equal to the diameter of the pendulum rod. If the 
density of the metal be p gm. per c.c., we have 


mass 


^ = volume = 2ttA (R* — r 3 ) ^ 

The mass of a solid cylinder of length 2 A and diameter 2R is 
2ttAR*p and its moment of inertia about an axis through its 
centre of gravity at nght angles to its axis of figure is* 

2tt AS*p($A* + lIP) (6) 

The moment of inertia of a solid cylinder of length 2 A and 
diameter 2r about a similar axis is 

2t rAr*p + ir 3 ) (G) 

The moment of inertia, Mlc*, of the bob about the same axis is 
the difference between (5) and (6). Using the value found for p, 
we have 

Ml? = 2ttAp {$A> (J£ a -r’O + JCK*-- r •)} 

^M^A' + lR' + lr') (7) 

The distance l cm. from the knife-edge of the pendulum to the 
centre of gravity of the bob is now found. This is equal to the 

* Experimented Elasticity , Note IV. 
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distance from the knife-edge to the top of the bob plus half the 
length of the bob. If the workmanship is good, the set-Bcrew will 
be placed so nearly symmetrically that no appreciable error will 
result from the assumption that the centre of gravity of the bob, 
including the screw, lies on a plane midway between the plane 
ends of the bob. Further, Mk* is so small compared with Ml* that 
any error in Mk? due to neglecting the screw is quite inappreciable. 
It is to be clearly understood that M is the whole mass of the bob, 
including the screw. 

The value of JT a is now calculated. Thus, by (1) and (7), 

+ + + ( 8 ) 

The value of K 0 -|- K 2 is then compared with that of E lm 

Since (2) and (3) involve periodic times while (8) depends only 
on the measurement of a mass and of four lengths, the success of 
the experiment will depend on the use of a time-piece which is 
keeping good time. If necessary the time-piece should be compared 
with a good clock. 

56. Practical example. The observations may be entered as in 
the following record of an experiment by G. F 0. Searle and G. Stead. 

Mass of unloaded pendulum = 653 gm 

Distance of groove from knife-edge of pendulum «= 54 41 cm. 

Mass of rider =10 gm. 

Distance of rider from fulcrum =7'86 cm (on opposite side to knife-edge). 

Hence Ao= 54 41 -10 x 7*86/653 = 54*41 -0*12=54*29 cm. 

Time of 100 complete vibrations 1*74 2, 174 2, 174 6, mean 174 3 secs 

Periodic time= T 0 =* 1*743 secs 

Hence, by (2), we find for moment of inertia of unloaded pendulum 
TjM^h _ 1 743 « x 653 x 981 X _5429 = 2676xlQ8gm Qm ,. 

4«- 2 47T a 

Maas of loaded pendulum = Af 0 +M ^ 053 + 1108 =1761 gm. 

Distance of groove from knife-edge of pendulum = 41 ’37 cm. 

Mass of rider = 20 gm. 

Distance of rider from fulcrum =34 5 cm. (on opposite side to knife-edge). 

Hence hx « 41*37 - 20 x 34*6/1761 = 41 37 - 0 39 = 40 08 cm. 

Time of 100 complete vibrations 147*8, 147*4, 147 6 ; mean 147 6 secs 

Periodic time— 2^=1 476 secs. 

Hence, by (3), we find for moment of inertia of loaded pendulum 

T£ Wo +M)ghx I*476*xl761x981x40*98 ^ x 1QB cm a 

Al= V 5? 
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Maas of bob* Jf= 1108 gm. Length =2.4== 7 04 om 

External diameter = 272 = 5 *00 cm. Internal diameter =2r=0 96 om 

Hence If (&A* +%&+&*)= H08 x 5*76=0-00637 XlO 8 gm om. 2 . 

Distance of knife-edge from top of bob =29*64 cm. 

Hence £= 29*64 +.4 = 33 16 cm 

And J/7 a = ] 108 x 3316 s * 1*2183 x 10° gm om 1 . 

Then Z‘ 2 =i/F+i/Z 3 =-0*00637 x 1O°+1*2183 x 1O 0 =1 226 x 10° gm. om. a . 

Hence K 0 +K 3 =2 676 x 10°+ 1*225 x 10®= 3 901 x 10° gm. cm 2 . 

From the vibrations of the loaded pendulum we found 
JTi=3 907 x 10® gm. om. 3 . 

Thus K x differs from AT 0 -f-2t 2 by only 0 15 per cent 

Experiment 10. Determination of “g” by a rigid 
pendulum. 

67- Introduction. In § 49 it is shown that the periodic 
time of a rigid pendulum is given by 

t=27F ^ : Mffh ^ 

where K is the moment of mertia of the pendulum about its axis 
of suspension, h is the distance of the centre of gravity from that 
axis and M is the mass of the pendulum. It was explained that 
this equation cannot be used for finding g, since the value of K 
cannot be satisfactorily found from the mass and dimensions of the 
pendulum. In the present experiment, the value of if 0 , the moment 
of inertia of the pendulum about an axis through its centre of 
gravity parallel to the knife-edge, is determined by comparison 
with the moment of inertia of an inertia bar by the method of 
torsional vibrations. The value of K, the quantity occurring in 
(1), is then found by the theorem of parallel axes*. Thus: 

K = K 0 + Mh> (2) 

68. Experimental details. The periodic time (T secs.), 
of the pendulum, when vibrating about its knife-edge through 
a small arc, is first observed. At least two independent observa- 
tions of the time should be made, unless the method of § 26 is 
used. This time must be accurately determined if an accurate 
value of g is desired. The mass, M gm., is found by use of a 
* Experimental Elasticity , Note IV. 
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»3 

"balance. The distance, Ji cm., of the centre of gravity from the 
knife-edge is found, just os m § 51, by balancing the pendulum on 
a fulcrum. 

When K 0 is to be determined, the pendulum is suspended from 
a torsion wiro in the manner shown m Fig. 20*. The rod of the 
pendulum rests m a metal stirrup (Fig. 21) and is secured by a 
set-screw. A short rod soldered to the end of the torsion wire is 
also secured to the stirrup by a set-screw. If the pendulum is 
adjusted in the stirrup so that the pendulum rod is horizontal, the 
centre of gravity of the pendulum will lie on the axis of the torsion 
wire. The periodic time of the torsional vibrations is now observed 
stt least twice; let it be T 0 secs. An inertia bar of moment of 
inertia gm. cm. 3 is then attached to the torsion wire in place 



Pig. 20. Pig. 21. 


of the stirrup and pendulum, and the periodic time, T x secs., is 
olbserved. Then we have, by § 43, since the moment of inertia of 
-fche stirrup is entirely negligible in comparison with that of the 
pendulum, 

gm. cm.’. (3) 

The value of JST is then found by (2) and then the gravitational 
acceleration is found from the formula 


4m*K 
gsB T'Mh 


( 4 ) 


For accuracy, it is obviously desirable that if, should bo small 
compared with Mh 1 , since, in that case, any uncertainties arising 


* In strictness the plane of the ring carrying the knife-edge should be horizontal 
a.nd not vertical, as shown in Pig. 20, since the two axes (torsion wire and knife- 
edge) about which the pendulum vibrates are supposed to be parallel. 
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from the inertia bar or from the effects of imperfect elasticity in 
the torsion wire will have little influence on the value obtained for 
g . This result will be secured if the pendulum bob is heavy and 
the rod is light. The rod might well be in the form of a stool 
tube. 

59. Practical example. The results may be entered as in the 
following record of an experiment by Miss B. G. E. Hooke and Miss V. Cock- 
bum. 

Mass of pendulum - if- 1761 gm. 

Distance of groove from knife-edge of pendulum - 881)5 om. 

Mass of rider— «i— 12*6 gm. 

Distance of rider from fulcrum for equilibrium -y— 60 cm. 

Honce, (see § 51), a- 12-0 x 66/1701 -0‘47 cm. 

Henoe A— 88*96 +0*47— 89*42 om. 

Thus A/A*- 1781 x 89*42*-14*08 x 10« gm. cm A 

Time of 100 complete vibrations of pendulum about knife-edge 202*8, 
202*6 ; mean 202*7 secs. 

Periodio time— 5F— 2*027 soos. 

Time of 10 complete torsional vibrations of pendulum whon suspended by 
torsion wire 237*0, 238*0, 237*4; mean 237*7 aeos* 

Periodio time- 2o-23*77 aeos. 

Mass of inertia bar— J/i- 1000*0 gm. 

Length of bar- 2Z- 37 *95 om. 

Width of bar-2.4 -1*00 om, 

Moment of inertia of bar-i^- JA/i (Z*+ A*)-l*024 x 10* gm. cm,*. 

Time of 60 complete torsional vibrations of inertia bar 365, 368 ; mean 
364 secs. 

Periodio time— T*— 7*280 sees. 

Moment of inertia of pendulum about axis through oentre of gravity -/T 0 . 

By (3) gm. cm.*. 

Moment of inertia of pendulum about knifa-edgs-jT, 

£-2T 0 + m*-2*002 x 10*+ 14*08 x 10®*» 1*618 x IV gm. om*. 

Then, by (4) 

4tt* 2T _ 4fr*x 1*618 x 10* _• 

gm Tm m swiriTOisii"® 844 °“- * 

Experiment 11. Pendulum on a yielding support. 

60. Introduotlon. When, a simple pendulum ia hung fron 
a yielding support, the periodio time differ, from that which thi 
pendulum hae when the support is fixed. We shall invest) gat 


1 > , 

+ i 

Ml 


f, 

* i k i * \ \ 


-■ ■ ■ i ; ‘ 1 m * 

■ * • U * ! • i 1 i i i ! i 1 < i ; 1 ; 
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e case in which the support can move horizontally but not 
rtically, and we shall suppose that the inertia of 
e support is negligible. 

Let the point of support Q (Fig. 22) move along 
e horizontal straight line OQ, and let the mass of '* 
b bob be M grammes. Let the force required to 
jplace the point of support through one cm. from 
its position of equilibrium, be fi dynes. Since the 
srtia of the support is negligible, the same force 
11 be required whether Q is at rest or has an ac- 
leration. 

When the arc of vibration is very Bmall, the tension of the 
•ing QP will differ very little from Mg, the tension it has when 
e bob hangs at rest. 

When the bob swings, the horizontal component of the tension 
equal to . OQ. Hence, if 6 be the inclination of the string to 


e vertical, 

Mg sin0 = /a. OQ, 

since 6 is small, Mg8 ■» /x . OQ (1) 

it, if PQ intersect the vertioal through 0 ia JR, 

RO ™ OQ/6 m Mg/fi, 

It.ROiMg, ( 2 ) 

d thus R is a fixed point. 


But fiL.RO is the force required to displace Q through 
rizontal distance RO and this, by the last equation, we see is 
ual to Mg. Hence RO is equal to the distanoe through whioh the 
light of the bob, applied horizontally, would deflect the support. 

Sinoe R is a fixed point, the pendulum has the same motion 
if its string were of length PR and it hung from a fixed support, 
nice, if the pendulum be hung (1) from a fixed support, when its 
riodio time is T u and (2) from a yielding support, when its periodic 
ae is T % , the excess of the seoond over the first equivalent length 
equal to the distance through whioh the weight of the bob, if 
plied horizontally, would deflect the support. 

In an actual experiment, the support will yield vertically as 
ill as horizontally. But for very small oscillations the vertioal 
■oe acting on the support will be very nearly constant and thus 


Ri 
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Q will move very nearly in a horizontal line. Hence the actual 
case will give the same result os the ideal one just investigated. 

61. Experimental details. A wooden rod AB (Fig. 23) is 
clamped at one end to a shelf or other 
firm structure. The end A is furnished 
with a V-groove in which rests a knife- 
edge attached to the ring 0\ two screws, 
each with a V-groove cut in its head, 
form a satisfactory arrangement. The 
pendulum bob P is hung from the ring 
by a wire. The ring carries a light 
cardboard scale D. A straight line is 
ruled along the scale, and this line is in 
the same vertical straight line as the 
wire of the pendulum when the pendulum 
hongs at rest. 

The depth of the rod should be 
considerably larger than the width, so fl8> 

that the vertical yielding of the rod may 
be small compared with its horizontal yielding. 

The pendulum is first hung from a fixed support, as in Fig. 24, 
and the time occupied by 100 vibrations is _ ^ 

observed at least thrhe times. The periodio 
time, Ti secs., is calculated and the equi- 
valent length is found from the formula 



O 


,s!l 

4w» 


om. 


.( 8 ) 


The pendulum is then hung from the 
yielding support and the periodio time, T a 
secs., is deduced from at least three sets of 
observations of 100 vibrations. The equi* 
valent length is found from the formula 




om. 


.(4) 


The value of l t - 1* is then found from (8) 
and (4). 

Since absolute and not merely relative 




Fig. 84. 
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values of T x and T u are required, the watch must be one keeping 
correct time. 

A telescope with a vertical cross- wire is now directed towards 
the scale D and the straight line ruled on the scale is observed 
It will be found that, when the pendulum vibrates, there is one 
point on the straight line which remains at rest, and the scale 
readmg of this point is read The scale reading, on the same scale, 
of the knife-edge is also found The difference of scale readings 
gives the distance OR in Fig. 22. 

The effect of a horizontal force applied to the point of support 
is now examined. 


A ball-bearing pulley K (Fig. 25) is arranged so that the 


string KA is horizontal and also 
perpendicular to the length of the 
rod The string supports a light 
pan F. The bob is allowed to hang 
in a vessel V containing water, for 
the purpose of damping the vibra- 
tions. A horizontal scale S is 
arranged for finding the deflexion 
of the support due to a load in the 
pan. Care must be taken that the 
bob does not touch the sides of the 
vessel. 

A series of observations is made 
in which the load IT is varied, the 
deflexion a> being noted for each 
load Two sets of these observa- 



tions are made with the pulley on opposite sides of the rod The 


zero reading in each case may be taken when the pan alone is 
supported by the string. From these observations the mean value 
of fi is found from the equation 




The distance RO is now found from the formula (2) 

1 (5) 

The values of RO found by the three methods are then compared, 
s. h. m. 5 


■* 
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62. Practical example- The observations may be entered as in 
the following record of an experiment by Mr D H. Peaoook. 

The length of the wooden rod projecting from the damp was 109 cm. 
The width of the rod was 1 om. and the depth was 3 cm. 


Mass of bob =Jf= 1456 gm. 

Pendulum on fixed support * 100 vibrations in 276*6, 276 2, 276*1 secs. 
Mean value of 2i=2 763 secs. 

Pendulum on yielding support : 100 vibrations m 289 3, 289*3, 289*0 seos. 
Mean value of 2 892 secs. 

Hence, by (3) and (4), 


fc- 


TJy 

4*r a 


2 763 2 x 981 
4 tt b 


= 189*70 cm. 




Tfg 

4*r a 


2*892 a x 981 
4w a 


207*83 cm. 


Hence ^ - li = 18*13 cm. 

The deflexion due to the horizontal force was then observed. The follow- 
ing results were obtained 


Deflexion to left 

Deflexion to right 

Load 

Reading 

Deflexion 

Load 

Reading 

Deflexion 

gm. 

cm. 

Load 

gm. 

om. 

Load 

0 

13 80 


0 

13 15 


100 

16*05 

■01260 

100 

1186 

*01300 

200 

16 33 

01265 

200 

10 52 

01315 

300 

17*60 

01267 

300 

9*26 

•01300 

400 

18*85 

•01262 

400 

7 96 

*01300 


Mean -01261 


Mean *01304 


Mean value of (0 01261+0 01304) =0*01 282 om gm. -1 . 

Hence, by (6), 50= Ifo/^-USB x 0 01282 = 18 66 cm. 

When the telescope was used, the reading of the steady point on the scale 
was found to be 18*7 cm , while the reading of the knife-edge on the scale was 
0 0 cm. Hence 50= 18*7 cm. 

The three methods give for 50 the values 18 13, 18*66 and 18*7 om. The 
first of these is probably less accurate than the others, on aooount of the 
difficulty of obtaining sufficiently accurate values of the two periodic times. 


Experiment 12. Determination of the radlug of curva- 
ture of a concave mirror by the oscillations of a sphere 
rolling In it. 


63. Introduction. If a steel sphere be displaced from its 
position of equilibrium on the surface of a concave spherical surface 


d i , t 
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of metal or glass, and if it bo then set free, it will roll backwards 
and forwards, since the coefficient of friction between the sphere 
and the surface is sufficiently great to ensure that there shall be 
no sliding, at least when the oscillations are small. By observing 
the periodic times of the small oscillations of the sphere in the 
mirror, when the centre of the sphere moves in a fixed vertical 
plane, the radius of curvature of the mirror can be found. 

A concave mirror or the concave face of a large lens forms a 
convenient surface for the experiment. The mirror or lens should 
be fixed in a block of wood, which should stand, without shake, 
upon a firm table. It is important that the mirror should be firmly 
attached to the table, since any slight rocking of the mirror while 
the sphere is oscillating leads to a rapitl damping of the oscillations 
and makes it impossible to observe enough oscillations to obtain 
an accurate value of the periodic time. 

To allow the radius of curvature of the surface on which the 
sphere rolls to be measured optically, the back of the lens should 
be coated with black varnish; in the case of a silvered mirror, the 
silvering, is removed before the varnish is applied. There will then 
be practically no reflexion from the back of the lens or mirror, and 
there will be no uncertainty as to whether it is the front or the 
back surface which is responsible for producing the image observed 
in the optical method 

Highly finished hard steel spheres suitable for this experiment 
can be obtained from the Auto-Machinery Co. Limited, Coventry, 
and from other makers. They are used in ball-bearings. Better 
results will be obtained with large spheres than with small ones. 

04. Theory of the method. Let 0 (Fig. 26) be the centre 
of curvature of the mirror, Q 
the centre of the sphere, A the 
point on the mirror vertically 
below 0, and let P be the point 
of contact of the sphere with the 
mirror. Let the angle POA be 
S radians, let the radius of the 
mirror be M cm. and that erf the 
sphere be r cm, 

If A' be the point on the 
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sphere which is in contact with A when the sphere is in its lowes 
position, the arc AP is equal in length to the arc A'P, since thi 
sphere rolls and does not slide. Hence, if the angle A'QP be <£ 
we have 

R8 a (1) 

If QA' cut OA in B and if the angle QUO be *fr, then is thi 
angle through which the sphere has turned since it left its lowosi 
position, for the line QA' is fixed in tho sphere. 

How R8/r — 8 

so that 8 ■» ifr. . . (2) 

The periodic time is easily calculated when we know (i) the 
potential energy of the rolling sphere in terms of i/r* and (ii) the 
kinetic energy of the Bphere in torms of w*, whore a radians pei 
sec. is the angular velocity of the sphere, so that to is tho rate o, 
increase of ^ with respect to tho time, or co » d-ty/dt. 

The distance of Q below 0 is (P — r) cos 8 and when the sphere 
is in its lowest position the distance iB R—r cm. Hence, if the 
potential energy be reckoned zero for the lowest position of the 
sphere, 

Potential energy >■ Mg (R — r) (1 — cos 6) 

m 2 Mg (U - r) sin* $ 8 ergs, 

where M gm. is the mass of the sphere. 

When 6 is very small, sin£0 may be replaced by ±8 and then 
Potential energy ^Mg (R — r) 8 *, 

or, by (2), 

Potential energy ■» jj- (8) 

The kinetic energy can be written down at onoe, if we notice 
that, since the point P of the sphere is instantaneously at reBt, the 
sphere is at that instant turning about an axis through P perpen- 
dicular to the plane AOP. Hence*, if K gm. cm.* be the moment 
of inertia of the sphere about this axis, and if a be the angular 
velocity of the sphere, i.e. the angular velocity of QA', we have 
Kinetic energy - pr«» ergs. 

Now, the moment of inertia of the epheref about an axis thr ough 
* Evptrinmtal Note IV. t Ibto. 
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its centre Q parallel to the axis through P is fitfr 3 , while by the 
theorem of parallel axes* the moment of inertia about the axis 
through P exceeds ftMr 3 by M .PQ a or Mr*. Thus 

Hence Kinetic energy = £ . £■ Mr * . a > a ergs (4) 

We have now found expressions for the potential and kinetic 
energies in the forms required. We see from (3) and (4) that 

Kinetic energy for unit angular velocity 7 P — r 
Potential energy for unit angular displacement ~ 5 " g~~ ' 

Hence, by § 17, if the periodic time of the small oscillations of the 
sphere be T secs., 

< 6 > 

Thus the length of the simple equivalent pendulum is £(jR — r). 
Finding JR from (5), we have 

x> — ~ i jUjlV tR\ 


In obtaining this result the sphere has been supposed to roll 
and not to slide. It is shown in § 65 that this condition will be 
fulfilled if n, the coefficient of friction for the sphere and the surface, 
be greater than $tana, where a is the greatest angle between OP 
and the vertical. 

65. Reaction between sphere and mirror. We can 

easily determine the least value of the coefficient of friction 
whioh will ensure that the sphere shall not slide. Let a be the 
greatest value of 0. Then, when A0P<=>a, the sphere is instan- 
taneously at rest and has no kinetic energy. When AOP >= 6, the 
centre of the sphere has descended the distance (JR — r) (cos 6 — cos a) 
and hence the loss of potential energy is Mg (JR — r) (cos 6 — cos a). 
This is equal to the kinetic energy of the sphere when AOP = 6, 
and thus, by (4), has the value But to = difr/dt and 

= (JR — r) 6/r, and hence, after slight simplification, 

i . J(B - r) - g (cos 8 - cos «) (7) 


Experimental Elasticity , Note IT. 
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Differentiating with respect to t and omitting the factor ddjdt on 
eaoh side, we have 

£(- B -r)^f=-£sin0. (8) 

Let F be the tangential force exerted by the mirror on the sphere 
in the direction in which 6 increases, and let .Nbe the normal foroe 
in the direction PO. Since the acceleration of the centre of 
gravity of the sphere is the same as if all the forces acted there*, 
we have for the accelerations parallel to N and F respectively, 


M (R — r) = N — Mg cos 6, (9) 

M(R-r) (—'j = F- Mgum 6 (10) 

From (8) and (10) we find 

F=\MgsmO (11) 

And from (7) and (9) we find 

H=\Mg{VJ cos 0-10 cos a) (12) 


The greatest value of F is £ Mg sin cl Since cos Q diminishes as 
6 increases, the least value of N occurs when 6 = a, and then 
IT = Mg cob cl Hence, the greatest value of F/N is £tana. If 

the coefficient of friction, exceeds tan a the sphere will always 
roll and never slide 

If the motion is to be so nearly harmonic that the periodic 
tame does not differ from that given by (5) by more than one part 
in 1000, we see, by Note II, that a a must not exceed 16/1000, and 
hence a must not exceed 0*1265 radian or 7° 15'. With this value 
of a, there wall be no slipping if fi exceeds 0'0363. 

66. Experimental details. In order that the vibration may 
continue as long as possible and also to avoid damage to the surface 
of the glass, the sphere and also the mirror should be oarefully 
cleaned so as to be free from grit. The sphere should be smeared 
with vaseline when not in use, to keep it from rusting. 

The time occupied by 100 complete vibrations of the sphere 
should be observed at least three times. It is convenient to fix 
a pointer so that it is just above the sphere when the sphere is in 
* Experimental Elasticity, Note HI. 
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its equilibrium position. The pointer then serves as an index and 
enables the observer to judge accurately the instant when the sphere 
passes through its equilibrium position. 

In starting the sphere, care must be taken that, when the 
sphere is released, its centre moves in the vertical plane through 
the centre of curvature of the mirror and the initial position of the 
centre of the sphere. A slight motion at right angles to that plane 
will cause the centre of the sphere to describe a curve round the 
vertical line through the lowest point of the mir ror instead of 
moving in a fixed vertical plane. 

The diameter of the sphere may be found by calipers fitted 
with a vernier. If the diameter of the steel sphere as given by 
the makers is known, this value may be employed, as it is probably 
more accurate than that which could be found by the calipers. 

The value of R is then calculated by equation (6) using the 
observed values of T and r. 

The result may be tested by measuring the radius of the mir ror 
by a spherometer, or by an optical method. In the latter method 
the mirror is mounted so that AO is horizontal, and a pin, which 
should be well illuminated, is adjusted so that the image of its tip 
coincides with the tip itself. The adjustment is tested by moving 
the eye from side to side, and is complete when the tip and its 
image are seen in coincidence for all positions of the eye. The tip 
of the pin is then at the centre of the mirror, and the distance of 
the tip from the mirror is equal to the radius of curvature of the 
mirror. The optical method will probably give the more accurate 
result unless care be taken in using the spherometer. 

67. Praotloal example. The following results were obtained in an 
experiment in whioh a steel sphere 1J inohes in diameter was used. 

Badius of sphere-*-- Jxl-&xS-S4-l-905 cm. 

Observations for the periodic time gave 100 vibrations in 112 2, 112'0, 
111*# seconds. Mean value—llfi-0 seconds. 

Hence, periodic time - T— 1-180 seconds. 

Acceleration due to gravity— y— 881-8 om, soo.~*. 

Henoe, by (8), we have fur A, the radius of the mirror, 

cm. 

Two observations for it were made by the optioal method. Each gave 
it-S4‘81 cm. 
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Experiment 13. Determination of €t g" by the oscilla- 
tions of a rod rolling on a cylinder. 

68. Introduction. In this experiment a straight rod is 
placed on a horizontal circular cylinder, the axis of the rod being 
horizontal and in a vertical plane at right angles to the axis of 
the cylinder. If the rod be slightly displaced in this plane it will, 
when released, perform vibrations which will be harmonic if the 
arc of vibration be very small. From the periodic time and from 
the radius of the cylinder and the dimensions of the rod, the value 
of the gravitational acceleration can be found. 

Let the circle in Fig. 27 be the section of the cylinder by the 
plane containing the axis of the rod. 

Let OA be the vertical through the 
centre 0. Let G be the centre of 
gravity of the rod and GB the per- 
pendicular from G upon the side of 
the rod which is in contact with the 
cylinder. We shall suppose that the 
rod is horizontal in its equilibrium 
position and that the rod rolls on the 
cylinder and does not slide; hence, if 
P be the point of contact at any time, 
the arc AP is equal to the distance 
BP. Then, if the radius of the cylinder be r cm. and if AOP «= 0, 
we have 

BP = r0. 

We will now calculate the potential energy of the rod in the 
displaced position, the potential energy in the equilibrium position 
being reokoned as zero. In the displaced position the height of 
the centre of gravity of the rod above 0 is 

(OP -f BG) cos 0 + BP sin 0. 

Then, iiGB = h cm., the height of G above 0 is 
(r -f h) cos 6 + t6 sin 0. 

In the equilibrium position the height of G above 0 is r + A, and 
hence we find, if the mass of the rod is m gm., 

Potential energy = mg {(r + h) (cos 0-l) + r0 sin 0 }. 



* l 
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Since cos 6 = 1 — sin0 = 0 — + we have, 

as far as 0 3 , 

Potential energy = \mg (r - h) 0 a ergs. (1) 

We see from (1) that the potential energy in the displaced 


position is positive as long as r is greater than h , and in this case 
the equilibrium will be stable . If r is less than h> the potential 
energy in the displaced position will be negative and consequently 
the equilibrium will be unstable. 

Since the point of the rod in contact with the cylinder is 
instantaneously at rest, we have 

Kinetic energy - \KgP ergs, 

where K is the moment of inertia of the rod about an axis 
through P perpendicular to the plane of vibration and o> radians 
per sec. is the angular velocity of the rod, i.e. the rate of increase 
of 6 . If the moment of inertia of the rod about a parallel axis 
through 0 be mh\ the moment of inertia about the axis through 
P is, by the theorem of parallel axes*, 

K = mid* + m . P G* = m (fc 8 + A a + r* 6*). 

Hence Kinetic energy « \m (k* + h* + r 2 # 3 ) o> a . 

When the arc of vibration is infinitesimal, we can neglect r®0 a in 
comparison with ft 3 + h\ and then we have 

Kinetic energy = (lb 3 + h*) o> tt ergs* (2) 

From (1) and (2) we have 

Kinetic energy for unit angular velocity 

Potential energy for unit angular displacement g\r — h) ' 

Hence, by § 17, we find for the periodic time 

-m 

If the rod be reotangular and of length 21 cm. and of thickness 
2a cm., we have 

+ (4) 

and hence (3) becomes 

* Etoperimsntdl Elasticity, Note IV. 
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From this we find for gravity 

47T 1 (l a + a? + 3?i?) 
9 ~ 3 (r — A) T* 


( 6 ) 


69. Experimental details. A straight bar of tool steel of 
rectangular section is suitable for the experiment; it must be so 
stiff that it does not bend appreciably under its own weight when 
it is supported on the cylinder. The part of its surface which 
rests upon the cylinder should be plane and also free from rust. 
The cylinder may be any metal cylinder with a smooth surface; 
a hardened steel cylinder would be best. It should be firmly fixed 
with its axis horizontal The rod is laid on the cylinder and is 
adjusted so that m the equilibrium position it is horizontal and 
also perpendicular to the axis of the cylinder. An indicator is 
set up near the rod and the passage of the rod past the indicator 
is used as the timing signal The periodic time, jTsecs , is deduced 
from observations of the time occupied by a number of complete 
vibrations , this number should be as large as the decay of the 
vibrations permits. At least two or three independent observations 
of T should be made. Since the periodic time increases with the 
amplitude, the amplitude should be small (see Note TTT). 

Unless the surfaces are hard and true no real advantage will 
be gained by mating the amplitude very small, for this is apt 
to make the periodic time depend upon the imperfections of 
the surfaces in the immediate neighbourhood of the line of 
contact. 

Unless the rod be very nearly straight, it will be difficult to 
obtain an accurate value for h. If the length, 21, be large com- 
pared with the thickness, we may neglect h 8 in comparison with 
A 8 in (3), but we may not be able to neglect h in comparison with r. 
The difficulty may he met by taking two sets of observations with 
first one face and then the opposite face of the bar in contact with 
the cylinder. If As be the two perpendicular distances from G 
upon these two faces and if T x> T g be the corresponding periodio 
times, we have, by (3), when hf and can be neglected in 
comparison with A 8 
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It will be sufficiently accurate to take in (4) and then, 

since A,+ A. = 2a, the thickness of the rod, we have 


and thus 


2r — 2a= 


i)* 

4mW ( 1 1\ 

^ 3 (2r — 2a) \Ts + Tj)- 


3 g U 3 


(7) 


It has been assumed that the parts of the faces of the rod which 
are in contact with the cylinder are plane or that at least their 
radii of curvature are very large compared with r . 

The method may be tested by vibrating the bar on different 
cylinders and comparing the results. 


70. Practical example. The results may be entered as in the 
following reoord of an experiment by Miss B. G. E. Hooke. 

A bar of tool steel was used 

Length of bar =2^™ 100 64 cm. Hence £=50*32 cm. 

Thickness of bar=2a«=0 89 cm. 

The width of the bar was 1 85 cm. It was found by balancing on a knife- 
edge that the centre of gravity was within one mm of the centre of the bar. 
The cross-section of the bar was therefore probably very nearly uniform. 

The bar was made to vibrate on the edge of a cast-iron flywheel for which 
2r=22 80 cm. 

When the side (1) of the bar was in contact with the cylinder, the times of 
100 vibrations were 177 *0, 176*4, 176*8 secs. 

Hence periodic time® 7^=1*767 sees. 

When the side (2) was in contaot with the cylinder, the times of 100 
vibrations were 176*4, 177*0, 176*0 seos. 

Hence periodic time« 7#— 1*705 secs. 

The periodio times were so nearly equal that eaoh was put equal to the 
mean value 1*766 seos. in formula (7). 


_ 8»r*£* 8*r*x 50*32* nHBC . 

111611 9 “ 3 (2r - 2a) T* “ 3x21-91 x 1W ” 976 ° m ‘ Be0 ‘ ' 

A similar set of observations was made by G. F. C. Searle for the same 
bar vibrating on a brass cylinder for whioh Sr— 11-44 om. It was found that 
2i = 2-469 sees., 7j— 2-466 seos. The experiment gave g — 1037 om. seo. - * 


Experiment 14. Study of a vibrating system with two 
degrees of freedom. 

71. Theory of the experiment. In many interesting 
examples the system requires more than a single coordinate to 
fix its configuration, and to illustrate the principles involved in 
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these cases we shall consider the problem of the motion of a system 
having two degrees of freedom. Out of the many examples of 
such systems we select one which has the advantage that it is 
capable of accurate and detailed experimental examination. 

Consider a system consisting of two inertia bars H } E (Fig. 28) 
clamped to a vertical wire stretched between 
two fixed clamping screws A and 0 , and 
suppose (though the restriction is unneces- 
saiy and is only made for simplicity of state- 
ment) that when the bars are at rest the 
wire is everywhere free from torsion. If the 
motion of each bar be simply a rotation about 
the axis of the vertical wire, two coordinates 
are sufficient to fix the configuration of the 
system, these being the angles 0 and <f> which 
the bars ff, K make with their equilibrium 
positions. It is convenient to take the same 
direction as positive for both 0 and </>. 

I£ now, the bars be displaced from their equilibrium positions 
through the angles 0 and <f>, the top part of the wire exerts a 
couple on H proportional to 6 and the middle part of the wire 
a couple proportional to 0 — <f> t each tending to turn H in the 
negative direction. In the same way, the bar K experiences a 
couple proportional to and a couple proportional to <f> — 0, each 
tending to turn K in the negative direction. The middle part of 
the wire exerts equal and opposite couples upon the two bars. 
When the lengths and radii of the three portions of the wire 
and the rigidity of the material are known, the couples can be 
calculated, but for the present experiment it is sufficient to take 
the two couples acting on H in the positive direction as 

— aO and — bid — <f>), 

and the two couples acting on K in the positive direction as 

— c<j> and — b(<f> — 0 ). 

It will be noticed that the quantities a, b and c are essentially 
positive. 

If F and Gt be the couples acting on H and E } 

JFus* — (a, + 6) 0 4 - b<p 9 0 = — (c + 6) (f> 4* b0 f 
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and hence, if the moments of inertia of the two bars about the 
vertical axis of the wire be H and K, we have* 


&0_F 
dt 3 ~ K' 




or 


d*<f> _ff__ c + 6 ^ £ 

(£ +2 5->“b* w 

(S+^Vi* « 


We see that the moments of inertia of the two bars and the 
elastic constants of the three portions of wire are involved through 
the quantities 

a + 6 c^b b b 

"IT 1 W K' 


It will therefore be convenient, before going further, to express 
these quantities in terms of the frequencies of four vibrations 
which can be directly observed. The frequency, which is measured 
by the number of complete vibrations per second, is selected in 
preference to the periodic time in order to save space. 

If K be held fixed in its equilibrium position, so that <j> = 0, 
the couple. acting on JET in the positive direction is — (a+ b) 0, and 
thus the equation of motion for H is 

d>0 a + b p 
dt E * 


Hence, if ^ be the periodic time, and be the frequency, so that 
Tin = 1/tj, we have, by § 10, 


or 



4ttV = 


cl + b 

~TT' 


(3) 


Similarly, if n* be the frequency of K when H is held fixed in its 
equilibrium position, 

(4) 


Again, let the top and bottom parts of the wire be removed, the 
middle part between H and K remaining, and let w, be the 

# Experimental Elasticity , Note m. 
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frequency of H when K is fixed, and n t the frequency of K when 
H is fixed (In each of these two oases the vibrating bar must 
be below the fixed one so as to be suspended by the wire.) 


Then 47r* V = g , 47r“V = -g. (5) 

When these values are used m (I) and (2), the equations of 
motion become 

+ 4 tt * v ) 6 = iir'ni '<f>, (6) 

( + 4ww) - 47rV0. (7) 

Hence 


(i + 47rS ” sa ) d + 4,r *"' ii ) 0= (§p + 47r ^“ a ) 

= 1671 ^ 1 ,^ 4 ® 0 , 

C? 4 0 /7s Q 

OT ^ 4 - + 4* J (V+ V) ^ + 16tt‘(VV- W)0=O. ...( 8 ) 

It is clear that </> satisfies exactly the same differential equa- 
tion as 6 . 

To solve (8) we assume that H performs harmonic vibrations 
with frequency N and we therefore write 

0^4 8m(27riV$ + e), (9) 

where e is a constant. 

If, when a proper value is chosen for N, this value of 0 satisfies 
(8) our assumption will be justified. On differentiating (9) we 
find 

S-* 1 ' 1 ''' W’ 1 6-rW‘S. 

Substituting these values m (8) and dividing by 16 t t*0, we obtain 


a quadratic equation for N a . Thus 

JT* - (n* + V) iV 1 + VV - VV = 0 (10) 

Solving this equation we find 

N * = i («i* + V) ± [{ (V + V) 4 - (V V - VV)]* 
■i(V+V)±[i(V- V) 4 + VV]*. .. (11) 


The second expression shows that both values of N 1 are Teal since 
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the quantity under the square root is positive. By (3), (4) and (5) 
we find that 

4 (mi'iib 8 — nfn?) =» (oc + ab + cb)/4iir*HK. 

Thus the quantity on the left is positive and hence we see by 
the first expression for -ZV 2 that both values of IT* are positive 
Thus there are two values of N* which are positive and real, each 
corresponding to an oscillatory motion. 

Let iVj 3 , iV a a be the two roots of (10) and let be the greater 
root, corresponding to the positive sign of the square root in (11). 
Then the motion of H is represented by* 

6 = Ai sin (2nrNit + e x ) + A a sm (27riV 2 t + e a ) (12) 

Substituting this value of 6 in (6) we find that the motion of K is 
given by 

= — — j— A t sin (ferffi* + ej 

+ — — p- 5 - A a sin (2vrJVT a t + *„). ...(13) 

From (12) and (13) we see that, since A u e x and e a are 
arbitrary, each bar has two simultaneous simple harmonic motions 
of arbitrary amplitude and phase, superposed the one on the 
other. We also see, what is most important, that the phase of 
each vibration for K is the same as that of the corresponding 
vibration for JET or differs from it by exactly half a period, and that 
for either pair of corresponding vibrations the amplitudes of 3 
and K have a constant ratio. 

If we substitute the value of $ given by (13) in (7) and note 
that bobh N? and Nf satisfy (10), we recover the value of 6 given 

by (12). 

Let us now examine the sign of the quantity 


* Though there are Jour values of jV, via. and =*» N 9 , there are only two 
frequencies. For, if 0i be the part of 6 depending on Ni , the most general expres- 
sion for $\ i* 

$l=B 1 m +*a 

and this may he reduced to sin (3 rZfit+<i)» where Ay and q are arbitrary nnoe 

By , J?ai m v% we arbitrary. 
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By the theory of equations, we have, from (10) 


N x 2 = n i ' n * “ WflX a > (14) 

+ = + (15) 

and thus we find 


« - i^ 3 ) (n* - N*) = - 

Hence, one of the two factors on the left is positive while the other 
is negative, and, since JV X * > jV a a , the factor is the nega- 

tive one. 

Thus, by (12) and (13), we see that for the vibration of greater 
frequency (N x ) the displacements of the two bars are always in 
opposite directions, and that for the vibration of smaller frequency 
(N t ) the displacements are always in the same direction. 

Though it is theoretically possible to set the system in motion 
so that either A x or A 2 is zero, it would be difficult to do this 
practically But it is easy to give the system such a motion that 
one coefficient — say A x — is large while the other is small. The 
intervals between the transits of H (or K) through its equilibrium 
position will then be nearly constant, and the average of a large 
number of intervals will be the same as if the main vibration had 
alone existed. 

If a light pointer P (Fig. 28) be attached to the middle part 
of the wire by a small clamp as in Experiment 7, it will be possible 
to adjust the position of the clamp so that the pointer does not 
move when the vibration corresponding to N x alone exists, since 
the bars are then vibrating in opposite directions. 

The most general motion of the system is obtained by super- 
posing a vibration of frequency upon that of frequonoy N x . In 
this general motion, which may be obtained by starting the system 
in any way, the bars will move in an apparently very irregular 
manner, but the pointer will perform simple harmonic vibrations 
with frequency N % when it is clamped in the proper position. In 
§ 72 it is shown how this pointer and clamp may be used to 
produce either a motion in which A x is nearly zero or a motion in 
which A a is nearly zero. 

The theory may be tested by observing the frequencies 
n% and n 4 and comparing the values of N x and N 2 obtained from (11) 
with the values found by direct observation. The formulae (14) 
and (15) can also be tested. 
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If the part of the wire below E be removed altogether, then 
c = 0 and, consequently, by (4) and (5), n^n*. This is the case 
in the experiment described in § 72. 

If a long piece of plaited silt be substituted for the wire above 
H, its torsional couple is negligible and so we may put a = 0, and 
then, by (3) and (5), If, further, the wire below E be re- 

moved, c = 0 and ?i 4 = r Zj. This case corresponds to Experiment 7. 

72. Experimental details. In the following experiment 
two inertia bars £T, K are suspended by a wire from a support A 
as in Fig. 29. The wire is not continued below the bar E . 

The system can be taken to pieces and be put together agam 
without causing any ohange in the constants, 
if the two parts of the wire are soldered mto 
brass cylinders 3 or 4 cm. in length and 5 mm. 
in diameter, as in Fig. 29. These cylinders 
fit into holes bored in the bars and are held 
fast by small screws. The torsional couples 
are then (practically) independent of the 
positions of the bars on these cylinders and 
of the position of the top cylinder in the 
clamp which holds it. The reader may refer 
to the remarks on inertia bars m Eocperi- 
mental Elasticity , Note YII. 

To give the system a motion in which the vibration of greater 
frequency (Ej) predominates, the bars are turned in opposite 
directions and are then set free. After a few trials, in which the 
ratio of the angles is varied, the bars can be made to vibrate in 
such a manner that they move in opposite directions and both 
come to rest at practically the same times. To obtam the vibra- 
tion of smaller frequency (E t ), the bars are turned m the same 
direction, the lower bar being turned through the greater angle* 
After the system has been set into vibration, any pendulum 
motion of the bars should be carefully destroyed. 

When the vibration of greater frequency (E) alone exists, 
a critical position can be found for the pointer P , such that it does 
not vibrate. To test the adjustment, the bars are given a motion 
in which the vibration of greater frequency predominates. I £ now, 

8. H. M. ^ 
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after the pointer has been brought to rest, it remains at rest when 
set free, the adjustment is complete, and the motion of the bars, 
after the pointer has been brought to rest, is simply a vibration of 
frequency If the clamp be held fast in the fingers while the 
bars vibrate, it will exert a couple upon them, unless it is in the 
critical position. From the direction of this couple it is easy to 
tell in which direction the clamp should be moved to obtain more 
perfect adjustment. 

When the pointer has been approximately adjusted to the 
critical position, we can easily obtain approximately pure vibra- 
tions corresponding to either Wi or E t . To obtain the vibration 
of greater frequency the bars are turned in opposite directions and 
are then set free; if the pointer be then brought to rest, the 
motion will be approximately a vibration of frequency Pi. To 
obtain the vibration of smaller frequency, the bars are brought to 
rest and a couple is then applied by the fingers to the damp 
carrying the pointer so as to set the system in motion ; the motion 
is then approximately a vibration of frequonoy P # . 

When the motion is a pure vibration of frequency Pi, we have, 
by (12) and (13), 

$/«„», 

so that, if the critioal position of the pointer P divides the wire 
between H and E into two parts h, k, of which h is the upper 
part, then, when the wire is uniform, 

k_ <f>_ nf-W 
_= Wi * 

When the frequencies have been found, the value of hfh calculated 
from this expression can be compared with that obtained from the 
position of the pointer on the wire, Since nj* — P^ has been 
shown to be negative, the ratio kjh is positive. The lengths 
h and k are, of course, measured from the points where the wires 
are soldered into the cylinders. 

Each frequency is deduced from the time oooupied by a con- 
siderable number of the corresponding vibrations, the time being 
observed at least twice. Thus, if 100 vibrations occupy 428*7 
seconds, the frequency is 1/4*287 or 0*2888 see.”*. In each case 
the number of vibrations should be large enough to occupy not 
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less than three minutes. A rod should be set up close to one end 
of the vibrating bar when it is in its equilibrium position, and the 
transits of the bar past the rod should be observed 

When the frequency is to be found, the bar K is held fast in 
a strong, massive clip, or is clamped to a heavily weighted block of 
wood, care being taken that the wire remains vertical. 

For n % and ti* the wire should be removed from the support A . 
In the determination of the bar H is clamped to a shelf so that 
K is suspended by the wire, and in the determination of the 
bars are interchanged so that now the bar E is clamped to the 
shelf while E is suspended by the wire. The loose part of the 
wire (the part between A and H in Fig. 29) should be above the 
bar which is clamped, and should be held m a clip to prevent it 
from bemg seriously bent. 


73. Practical example. In an experiment made by Mr Wngley 
the folio wmg mean values were obtained for the frequencies . — 

- =-3*828 secs., — = —=4327 secs,, —=6*126 secs. 

In deducing the values of l/A^i and I/A^ from these three quantities a con- 
siderable number of arithmetical steps is necessary To avoid the possible 
accumulation of sensible errors, seven-figure logarithms were used. In this 
way the following values were found 

^-0*0682427, 0*0634104, =00260469. 

From the equation (11) 

A a =£(>ii*+tta a )±[i (n 1 3 -7i a s ) a +w 3 a » 4 a ]i 
we obtain ^=0*0608266 ± 0*0384476, 

and thus Ai 3 =0*0092742, ^=0 0223790. 

Hence 3 1738 secs., y— 6*6847 secs. 

By actual observation of the two vibrations it was found that 

1 1 
y = 3*174 seos., —=6*684 secs. 

There is thus very dose agreement between the calculated and observed 
values of the frequencies. 


j 
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Experiment 15. Determination of “g” by the oscilla- 
tions of a cone rolling on an Inclined plane. 

74. Introduction. The cone is supposed to be a cone of 
revolution about an axis of symmetry. The cone need not be of 
uniform density provided it be in all respects symmetrical about 
the axis, so that its centre of gravity lies on the axis. If the cone 
be placed on an inclined plane or “ tract,” it will, if the slope of 
the track be not too great, be in equilibrium in either of the two 
positions in which the vertical plane through the axis intersects 
at right angles the straight line m which the track cuts a hori- 
zontal plane. The equilibrium will, however, be stable only in 
that position m which the projection of the centre of gravity of 
the cone on the track is lower than the vertex. 

It is assumed that the coefficient of friction is sufficient to 
ensure both that the cone rolls and does not slip, and that the 
cone does not slide down the plane. It is further assumed that 
the slope of the plane is sufficiently small to ensure the possibility 
of stable equilibrium. 

To find the periodic time, we apply the methods of §§ 16, 17 
and calculate the kinetic energy of the cone when rolling and its 
potential energy when it is displaced from its position of stable 
equilibrium. 

75. Kinetic energy of cone. Let 0 (Fig. 30) be the vertex 

and OG the axis of the cone. If the cone 
roll, the vertex 0 remains at rest, and 
thus 0 is a fixed point. Through 0 draw 
OB perpendicular to the track. Then the 
centre of gravity G describes an arc of a 
circle about OB as axis. The radius of Fig. 80. 

this circle is equal to ON where GN is the perpendicular from G 
upon the track. Let OG — h, GON = a, and let the angular velocity 
of G about OB at any time be a > . Then the linear velocity of 
Giza. ON. 

Since the generating line ON is instantaneously at rest, the 
linear velocity of G is also equal to A . GN, where A is the 
angular velocity of the cone about the line of contact. Hence 
A . QN = a 0N y 

or A = a> . ON/GN = o> . cot a. (1) 




i 
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If the moment of inertia of the cone about a generating line 
such as ON he K, and if T be the kinetic energy of the cone, we 
have T = and thus 

T = fcKfl* = cot 5 a . o>*. (2) 

76 Potential energy of cone. Let OS (Fig. 31) be the 

line of greatest slope on the 
track and let OS make an angle 
S with a horizontal plane FXZ. 

Then the line of contact ON in 
the position of stable equilibrium 
lies along OS. In any other posi- 
tion of the cone, let the line of 
contact ON make an angle $ 
with ON o, and let NH be the 
perpendicular from N on ON 0 , 
thus N 0 H = ON (1 — cob 6). Then 
the height of N above the plane 
FXZ exceeds that of N„ by 
ON (1 — cos 6 ) sin /3. But ON is Pig. 81. 

perpendicular to the track FYZ and is of constant length, and 
hence 0 and N have both risen above their lowest positions by the 
same distanoe, viz. by ON (1 — cos 9) sin /3. 

Let U be the potential energy of the cone in its displaoed 
position, and let 0 when 0 = 0. Let M be the mass of the 
cone. Then, sinoe ON *= h cos n, we have 
U = Mg . ON (1 — cos 0) sin /9 = Mgh cos a sin /9 (1 — cos 6). ...(3) 
When 0 is small, we may write 1 - cos 8 =■ J0* and thus 

U =» J Mgh cos a sm (3.6* (4) 



77. Perlodlo time. Sinoe a = dB/dt, the expressions for the 
kinetic and potential energies are in the forms discussed in § 16. 
Henoe, if To be the periodio time of small vibrations, we have, by 

§ 1 *. 

9 / kinetio energy for unit a> 

v y potential energy for unit & * 

Hence, by (2) mid (4), 

„ n / RcoVa _ / Jgcosg ... 

Mgh eos«sm/9“ ff V JfyAsitfasin/S* ' 
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78. The roller. Instead of a cone, we use a roller formed 
of two solid Bteel spheres soldered together with a minimum of 
solder. This body can be enveloped by a circular cone and will roll 
just as an actual cone rolls. Let the centres of the spheres be 
A , B (Pig 32) and their radii a, b, and let a > 6 . Then AD = a, 
BE = b . Let AB, BE meet in 0 ; then 0 is the vertex of the 
enveloping cone, and AOD = a. Let the masses of the spheres be 
77 ia, 7722. Then M= 7th + m*. 

By the theorem of parallel axes, the moment of inertia of the 
body about OD is 

K = (fa* + a*) + 772, (£6* + &*) = \ {mrf + mjt). ...(6) 



Draw BG parallel to OB to meet AB in 0 ; then A0= a — 6, 
Now AO/AB = AD/ AO, BO/AB = BEjAOl and hence 
0 A = a (a + b)j(a - 6), OB = 6 (a + b)/(a - b ). 

Since G is the centre of gravity, Mh =* M . OG^rr^ . OA -f . OB. 

Hence Mh = ( 7721 a + m 2 b) (a + 2>)/(a — 6 ), (7) 

, . , K *7 (rr^a* + 772a&*) (a - b) 

Mh a+ 772,6) (a + 6) 

From the triangle we have 


.( 8 ) 


Bina = 


AO = a — b 
AB ^ a + b * 


cos* a 


—(si)' 


4a& 
(a + Z>) ! 




If we write c = .ST cos a/(JfA sm> a), 

the length c is a constant for the system of two spheres. 

c _ 14 (a6)fr 

8 (m : a + m^b ) (a — i) * 


We find 
....19) 
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If the length of the simple equivalent pendulum be \ we have, 
by (5), 

X. = c/sin 0. (10) 

When the penodic time T„ has been found, we have 

47tW/ 2V= 47r s c/(2'o a sin 0) (11) 

If the two spheres have the same density, w^/a* = m^b*, and, 
if bja = n, then 


14 (a‘ + b c ) (abfi 14a (1 + n’) n ^ 

5 (a 4 +b*) (a — 6) ~ 5 (1 + n*) (1 — n) ' } 


79. Conditions for stability and oscillation. If a = b, 

the roller will not oscillate on an inclined track. If n *= b/a be 
small, there will be no position of stable equilibrium, and hence 
no possibility of oscillation, unless the slope be very small. 

By Fig. 32, we see that stable equilibrium will be possible 
until, as the slope of the track is increased, GD becomes vertical. 
If e be the critical value of 0, then e = DGN and 
tan e = DN/GN = JDNjQi sin a). 

Since DN = AG cos a, we have tan e — AG cot ajh. But 
M . AG = m * . AB, 
and hence we find, by (7), that 

tan e = 2ms (ab)^ /(m^ + m 3 b). 

It will suffice to consider the case of equal densities, in which 

rn^ja? = m,/^ 

Then tan e — 2«$/(l + n 4 ) (13) 

If the least length of the equivalent pendulum for given 
values of a and n be l Bt we have ln/a <= cosec e . oja. The values of 
l„ja in the table (page 89) were calculated by (12) and (13). 

The condition that 0 => e ensures that stable equilibrium is 
just possible, but, unless 0 be less than «, no oscillations (with both 
spheres touching the track throughout) of finite amplitude will be 
possible. 

In Fig. 82, let OL be normal to the plane ROG, L lying behind 
that plane. Let the body roll so that A recedes from the reader. 
With a right-handed relation between the direction of a line and 
rotation about it, the line of contact QD represents the direction 
of the angular Inomentum Ki 1. Since GOL is a plane of symmetry, 


J 



, 'I 
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there is no angular momentum about OL. During time dt , the lme 
of contact moves round to 01/ through <odt towards OL and the 
normal to the moving plane ROQ moves to OL At the end of dt 
the angular momentum about OD' is K {ft + (dCl/dt) dt }, and that 
about OL' is zero. Hence the angular momentum about the fined 
lme OL is K {12 + (dfl/dt) dt) sin (<odt) f or, to the first power of dt y 
KCl&dt. Hence the rate of increase of angular momentum about 
OL is Efim. 

Let P ly P a be the components normal to the track of the forces 
exerted by the track upon the spheres at D and E, when 0 = 0. 
Let OJ (Fig. 32) be the perpendicular from 0 upon the vertical 
through 0. Then the moment about OL of the forces P lf P a , 
Mg is P 1 . OD + P t . OE - Mg . OJ, and this equals the rate of 
inorease of angular momentum about OL , Hence 

P x . OD + P a . OE - Mg . 0 J + Kiln. 

The centre of gravity has no acceleration perpendicular to the 
track, and hence 

-Pi + P 2 — Mg cos /3. 

Thus P x . DE = Mg (OJ - OE cos /8) + ifft©, 

and P a . DE = Mg(ODcoa p — OJ) — K£lco. 

If there be just no pressure at E, P a = 0, and 
Efloj = Mg (OD cos /3 — OJ). 

Let the arc of vibration from side to side be 2i/r, when P a is 
just zero for 0 = 0. Then, when 0 = 0, 

J2Tf2 a = Mgh cos a sin £ (1 — cos ^). 

But ft<» = ft* tan a and OJ = h cos (/8 — a), and thus 

2h sin a sin (3 (1 — cos ty) = OD cos /3 — h cos (fi — a). 


Hence 

t an s= °- P ~ Ac0Ba M. 1 
^ fesina(3 — 2 cob^) hsma ’ 3 — 2 cos^>‘ 

Thus tan^ = tane/(3 — 2co8i|») (14) 

If the value of /9 corresponding to = 60° be we have 

tan,j = itane (15) 


If l be the length of the equivalent pendulum when the roller 
makes small oscillations on the track with slope ij, we have 
Ija = cosec i) , ala. 


l » j it 

1 1 M i ' ' ! s 


I 
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The table shows the values of ofa, e, l t ja, rj, IJa for various 
values of n. 


n 

c/a 

e 

W a 

•n 

l[a 

1-0 

0-9 

oo 

26*61 

46“ O' 0" 

39 62 8 

CO 

39*80 

22° 39' 66" 

66*20 

08 

1179 

38 0 60 

21*66 

17 69 61 

38*16 

0*7 

7*356 

24 60 11 

17-51 

13 1 48 

. 32*03 

06 

6*173 

16 30 3 

18*22 

8 25 30 

36 31 

05 

3*843 

9 26 46 

23*42 

4 45 19 

46 36 

0-4 

2*907 

4 30 48 

36*94 

2 15 37 

73*71 

03 

2179 

1 40 60 

74*29 

0 50 26 

148*5 

0’2 

1 563 

0 24 33 

218*8 

0 12 16 

438*0 

01 

0 984 

0 2 10 

1556 

0 1 5 

3123 

00 

0 000 

0 0 0 

00 

0 0 0 



If the force exerted by the track upon the roller in the direc- 
tion DO be Q, when the roller is passing through its central 
position, we have 


Q = Mg sin /8 + M . OiW = Mg sin £ + MhSl* oos « tan* a, 

and thus Q > Mg sin /8, unless O* = 0. If the friction cannot supply 
the force Q, the roller will slide. It may thus happen that, although 
Btable equilibrium is well secured, the path of Q may cease to be 
an arc of a fixed circle, on account of sliding, if the motion be not 
small. 

The choice of » is limited by practical considerations. The 
coefficient of friction between the roller and the track is so small 
that, when sin/9 > O’l, the roller slides down the track, and thus, 
for values of n exceeding about 0'45, the least value of \/a is 
lOc/o. The ratio \/a should not be large, sinoe the effects of 
draughts, slight irregularities in the track, or other disturbing 
causes increase as \/a increases. When n is less than about 0*45, 
stable equilibrium and osoillation will not be possible unless sin/9 
be less than about O’l, as oolumn 8 shows, and column 4 will then 
give the least values of l/a. For accurate measurement, /9 should 
be as large as possible, and thus » should not be less than 0*5. 

The motion of a roller for which n is about 0*4 is interesting. 
A value of £ is easily reached in whieb, though stable equilibrium 
is secured, the smaller sphere breaks contact with the traok when 
oscillations are not very small, 
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80. Experimental details* In order that the relation 
TTij/a* = 771^/6* may be tested, the mass of each sphere should be 
found and recorded before they are soldered together. A spot on 
each sphere is "turned ” and then the larger sphere is loosely held 
so that it rests on the other, the “tinned” spots being in contact. 
The spheres are now heated by a flame until the solder “runs.” 
Only a small amount of solder is needed. The spheres should be 
kept free from rust. 

The body rolls on a piece of plate glass, the “track,” fixed to 
a heavy table fitted with levelling screws, whose tips are £7, V t W. 
This table stands on a plane bed plate; an engineer's surface plate 
is convenient. After the bed plate has been levelled, the track is 
levelled. A block with parallel feces is then placed under the foot 
of the screw IT, so as to tilt the table. The periodic time T 0 of 
small oscillations of the roller is then observed. The oscillation may 
be maintained by properly timed blasts of air supplied by bellows. 
A senes of observations may be made in which the slope /3 is vaned, 
T 0 being found for each slope. The product T 0 a sin 0 is theoretically 
constant. 

If the perpendicular from W on UV be z, and if the height of 
the block be d, then sin ft = djz . If VW = u,Wl 7 = v, UV = w, and 
if u + v + w *= 2s, then 

z = (2 jw) {s(s - u)(s- v ) (s - w)ft (16) 

The slope may also be found by the goniometer described in 
§ 35. An auto-collimating method is employed. Since, however, the 
goniometer arm turns about a vertical axis and the track turns 
about a horizontal axis, an optical device is necessary. A plane 
mirror, furnished with levelling screws, and called the collimating 
mirror, is placed on the track and is levelled when the latter is level. 
The track itself may be used as the collimating mirror, if its lower 
surface be silvered. A second plane mirror, called the reflector, is 
then adjusted so that its plane (i) is perpendicular to the vertical 
plane through UV and (li) makes 45° with a horizontal plane. 
The goniometer is placed with its axis parallel to UV t at a height 
corresponding to the reflector An image of the wire of the gonio- 
meter will then be seen near the wire itself, and a slight adjustment 
of the arm of the goniometer will give exact coincidence. This 
image is formed by rays which have suffered two reflexions at the 
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reflector and one at the collimating mirror and have passed twice 
through the lens. The goniometer is adjusted so that in this zero 
position the arm is in its central position 

The track is now tilted through angle yS and carries with it 
the collimating mirror. The normal to the mirror turns through 
angle ^ina vertical plane perpendicular to TJV. Now, if any two 
rays in this vertical plane be incident on the reflector, the reflected 
rays he in a horizontal plane, and the angle between the reflected 
rays equals that between the mcident rays. Hence, if the gonio- 
meter arm be turned so that there is agam coincidence between 
the wire and its image, the arm will have moved through /?. The 
angle yS is found from the goniometer readings as described in § 35. 

A totally reflecting right-angled isosceles prism may, with 
advantage, be used as the refleotor. One of the smaller faces of the 
prism rests upon a levelled plane glass plate which is supported 
above the collimating mirror. The plane of the vertical face of the 
prism must cut UV at right angles. It will be easily seen that 
any bending, on entering or leaving the prism, of those rays which 
are normal to the collimating mirror introduces no error* 

81. Practical example. In an experiment by G F. 0. Se&rle and 
Sub-Lieut 0. T. R. Seorle, the radn of the steel spheres were and 
$=^inch. Hence n=0*5. The masses were m ^ =358 85 and m* =44-86 grm. 
Since Win 8 = 44*86625, the spheres maybe considered to have equal densities. 
The mass of the solder, 0*1 grm., is negligible. The angle 0 was measured by 
a goniometer (§ 36) in whioh p - 40*00 om. The displacement, from its central 
aero, of the index wire of the goniometer along its scale is denoted by x . 
The observations were aa follows . 


X 

tan/3 

p 

8111/3 


Zo a Bin /9 

2*12 cm. 


3* 2 / 2" 

*05293 

2 *543 see. 

*3422 

2 56 


3 39 43 

■ai 

2*318 

*3432 

3*03 

*07575 

4 19 55 

•07554 

2*146 

*3481 

3*58 

*08950 

5 6 51 

*08914 

1*071 

■II 


The mean value of T£s in/3 is ‘8449860.*. Since nm 0*5, we have, by (12), 
o=3*843 inch- 8*641 cm. Hence 


4ir*0 4,r*X 8-541 

5i2S~ 


9'77 , 6cm.seo.~* 









NOTE I 


On the Vibration op a Body suspended prom 
a Light Spring 

In § 80 an approximate solution of the problom has heen obtained by 
means of Lord Rayleigh’s theorem. Wo now givo a method of obtaining 
the solution to any aoouraoy required. 

Let the mass of the spring be 5 gm., let its unstretched length he l om. 
and let S/l be denoted by pj the spring is supposed to be uniform. Let the 
load suspended from the spring be Jfgm. Let E dynes be tho '‘modulus’’ 
of the spring, i.e. the force required to double its length. 

Let P, Q (Fig. 33) be two points on the spring suoh that, when the spring 
is unstretohed, thoir distances from the fixed end A are * and 
x+dx. Suppose that, under the aotion of the mass H and of 
the spring itself, the diatanoe » beoomes x+$. Then the die. 
tanoe x+dx beoomes x+dx+£+(d(/dx) dx, and thus tho longtli 
of the element ohanges from dx to (1 + d£/dx) dx- The tension, 
jT, of the spring at this point is therefore 


I 


r 


m 2 - 


•■(i) 


I 


□« 
Fig. as. 


The mass of the 


The tension at the point determined by a? +<£r is 

*+S*-*(2 + 3*) ■« 

and hence the resultant of the two tensions is a force 

in the direction in which a increases, i.e* downwards, 
element is pda and hence the equation of motion is 

pdx. 

OP 

We can show that, when the constants a, b, p, q are properly chosen, the 
equation 

£ “i cue 4 s i bfc^ 4* 0 oos pt sin *....(4) 

is a solution of (8). 
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There is no constant term, since £=0 when #=0, i.e. at the fixed end. 
Using this value of £ in (3), we obtain 

—p.cp 2 ooBpt sin qx*=gp+J5(b-oq 2 cos pt sin qat). 

Since this must hold for all values of t, we have 

( B ) 

Eb** -gp= -gS/l. (6) 

Equations (6) and (6) determine the values of b and of the ratio pjq. The 
equation of motion of the mass if is 

M^-Xg-T=Mg-E% 

the quantities having the values corresponding to Hence, by (4), # 

- Mop 2 cos pt BinqlexMg-JSfa+bl+oqcoB pt cos q \ !}, 

Since this equation holds for all values of f, the constant terms and those 
involving t must vanish separately. Hence 

Mg = E (ctf^bT) «(7) 

and MpF sm ql*Eq oos ql. (8) 

Putting 6=ql } we have, by (8) and (5), 

6t8.n8-^=]g=K. (9) 

This is the eq ua tion from which p is to be found. There are an infinite 
number of solutions and consequently an infinite number of periodic times. 
The small est value of p corresponds to the vibration of longest period. 

The steady depression due to a load M is given by £*=al+^bl\ where 5 is 
given by (6) and depends only upon the spring. Using (6) and (7) we find 

^gljM+jS) (10) 

If an additional load m increases the depression from £ to £+A, we have, 
by (10), h^ghn/E or 

(ii) 

When 8jM or K is small, the equation 0 tan 9 - K can be solved by approxi- 
mation. When 0 is small 

„ „ 03 20® 170^ 

tan 0W0+J + + 3 i 5 + "‘» 


so that, by (9), 


0 « 20 ® 

0 tan 6 ■*> 0*+ y + -jj + * 


The first approximation gives 0*^K. Makin g use of this in the term 0®/3, we 
have as a second approximation 
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Using this value in the term £*/3 and the value K in the term S0‘/1G, and 
rebooting powers of K above tho third, we obtain ns a third approximation 

p m A'- a*. K- i (AT- Jffi »)*- ft A'« 

-A'-JA^+ftAr*. 

Now, if the periodic time bo T, we have, by (0) and (11), since and 


SwZ fa 2 tr /Ath 

P oWjE~ TV pa- 
using the value found for fi a , wo have, sinoe KmS/hf, 


.(IS) 


But (l-iff+AA»r»«.l+JA- +4 ),A’»+.. 1 , 

and hence 




...(13) 


It will thus be soon that the result obtained by Lord Rayleigh's method in 
§ 30 is a second approximation. 

The other values of 6 will bo a little greater than w, 2w, .... Thus we 
may put d n -«n-+(J!>», where <j> n is small Then, since tan d.-tan <£„, we have 
S/Mm^nw +<!>„) tan ^,-(n»+^) (<£*+ i<W+...)-n«0*+<£,,»+ .... 

To the first approximation <p n -S/n*M. Hence, we have, to this apnroxi- 
mation, 

" nn + $ n n nir (1 + S/n* 


and thus, if T n be the corresponding periodic time, 


r “"~d~ (14) 

where fEfc-v, the velocity of a longitudinal wave along the unstretched 
spring 

If the lower end of the spring be feed in any position, the value of £ for 

?"* * il] h , 6 lnde P endont of «*» Hence we find from (4) that tf-nw. 

If be the corresponding periodio time, we have, by (5), 


m * 2n* 22 Ip 22 

^7"wr^ cio) 


Henw the periodio times given by (14) are all slightly lew than tho oorre- 
spending periodio times when the lower end of the spring i MjlxHt, 


ft*. 

It • » 1 < M ^ , 
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NOTE n 

Periodic Time of a Pendulum vibrating through 
a Finite Arc 


Let 0 (Fig. 34) be the point of suspension of the simple pendulum OP , 
and A, A f the extreme positions of P on the two 
sides of the vertioal 00. Let A0G*=A!0O**a 
and let POG^B. Let the length of the pen- 
dulum be l om. and let the periodic time when 
the amplitude A 00 is infinitesimal be T 0 secs. 

Then, by § 24, 

Tq**2it fjlfg. 

We have now to calculate the periodic time T Fig. 34. 

when the amplitude is fmte. 

Sinoe the bob is at rest at A , its velooity, v, at P is that due to its descent 
from A to P and is the same as that due to a fall from B to Q. Hence 



dB/dt)* =>Zgl (cos 6 - cos a) =» 4gl (sm 2 sin 9 \ 6) 

Thus i ; ff= 

V g ^/sin^a-Bin 

Now take a new variable <p y where smid=sm^asm0. Then, when 5=0, 
«£«0, and when 5= a, Also 

sin 9 ^a— sin 2 J-5=sin 9 ia oos s </>, 
and -Jcos-Jd. c?5=sm-Jacos0 ckf > . 

TVmo dt^l ft 2 s m i gOQ 8 ( / ) #/ QOS i^ _ /I d< L 

lhus dt Bin$acos<#> V /cosp 

n d 4 > 

V g‘j\ — sin 2 i a sin 2 ^ 

If T be the time of a complete vibration, T is four times the time taken in 

passing from 0 to A or from A to (7. While the bob goes from 0 to A, 6 goes 

from 0 to a and therefore <j> goes from 0 to \ir. Hence 

T “ 4 

where r ® m IT j rifW 

Thus . 

The quantify F(t) is a fanotocn of i ohly and is called the First Complete 
Elliptic Integral : its value ranges from^r whan i » zero to n^mfy w en 
is unity. The values a!,F(h} w«N edoulated hy Legendre for sucoessive 
values of y Wh^ a living F{mny) for each degree from 


}i . t » 



‘liiiii 


i I ? J ; 


! ? I i * 2 
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NOTES 


ymi 0° to y =90° ia given in Dale’s Five Figure Tables of mathematical 
functions 

To illustrate the use of the table, we will find T when a« Jn-, so that the 
pendulum swings through two right angles. Then 

Ja=i7r and einy=sm Ja*»sm 45°. 

The table gives F (sin y)» 1*85407 for y=s4B°, while 1*85407/471**= 1*18034. 

Hence ^=4 / y/^^ T (sin Ja)=27r x 1*18034, 

so that the periodic time is about 18 per cent greater than for infinitesimal arcs. 

When k is small compared with unity, the integral F(h) can be evaluated 
in series form, since the series obtained by expanding the square root by the 
binomial theorem is uniformly convergent for all values of IP less than unity 
and can therefore be integrated term by term. Expanding the square root 
and using the result 


firf2 

I sin 3 * 

J o 


2n- 1 2n-3 

2» ‘2tt — 2 


§• 1 1 
4 , 2'2* 


where n is a positive integer, we obtain 

sin a ^+ ^-^£ 4 sin 4 <£+...| d<f> 

Henoe 

When a is small, it may suffice to use the expression 

T~T 0 (l+a*/lG). 


The following table, where a is given in degrees, shows the effect of 
amplitude on the periodic time, Here T a is the periodic time when the 
pendulum swings through an angle a on either side of its position of rest, 
so that the whole arc of vibration is 2 a. 


a 

TcJT 0 

m 

r a /r. 

D 

TalT i 

a 

6 

1-00048 

o 

60 

1*04978 

• 

110 

1*29534 

10 

1*00191 

55 

1-06083 

120 

1*37288 

15 

1*00430 

60 

1-07318 

130 

1-46983 

20 

1*00767 

65 

1-08693 

140 

1-59445 

25 

101203 

70 

1-10214 

150 

1-76220 

30 

1*01741 

80 

1 13749 

160 

3-00761 

35 

1*02383 

90 

1-18034 

170 

2-43936 

40 

45 

1*03134 

1*03997 

100 

1-23233 

180 

infinite 
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NOTE III 


Periodic Time for Finite Motion 


It is sometimes useful to be able to apply a correction for the amplitude 
of the vibrations m those cases where the vibrations are not strictly isochron- 
ous. Even if we do not apply the correction, we can estimate how small the 
amplitude must be if the actual periodic time is not to differ from the 
periodio time for an infinitesimal amplitude by more than — say — one part 
m a thousand. We shall consider only the case in which the system has only 
one degree of freedom, so that its configuration is completely fixed by a smgle 
coordinate x 9 which will have the value zero m the equilibrium position of the 
system The kmetio energy of the system will be proportional to ( dx)dt)\ but 
it may also depend upon x itself! In those cases in which the kmetio energy 
for a given value of (dx/dt) 2 has the same value for -a? as for +#, we shall 
be able to write, when x is small enough, 

Kinetic energy =*A (^j (1+p# 2 ), (1) 

where A and p are constants 

Let the potential energy of the system be F(x\ where F(x) is some 
function of x. Then, if the extreme values of x are +a and —a, it follows 
from the principle of energy that the kmetio energy will be equal to 
F(a)—F(x\ since the system is at rest and has no kinetic energy when 
x=a. When the system is symmetrical with respect to x=*0 } we shall 
find that, if F{x) be expanded m powers of x, 

F(x)=B(x?+qx'+...), (2) 

where B and q are constants. There are no terms involving x> r 3 , ... since 
F(x)*=F{-x), and there is no constant term, if we count the potential 
energy zero in the equilibrium position. Hence, for small values of a and x. 

Equating expressions (1) and (3) for the kmetio energy, we have 


Hence 


A (g)* (l+p^-B {1+J (a*+*»)}. 

/ dt \ 2 

{&) = B(a*-x*){l+q(a*+a*)y 


and thus, if T* he the periodio time when the system swings between x— 
and x—-a. 


4 


Fa [* (i-i -papfitto 

V 2 J Q(a*-o?ft{l+q(a*+x*)}b' 


...(4) 


a 
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NOTES 


Expanding the expressions involving p and g and negleoting squares and 
products of p and q, -we have 


m =4 r a {l+|p^-^g(a a +^)}^ 

ViJ, 

V2? Jo (a* — ai*)i 


Now 


/* <&? r -i #l a «■ 
Jo('^r^ 4 "L S111 «Jo“ 2 » 

(a 3 -* 3 )* <te~|V (a*-a; a )i+ sin-i 2f£- Ja 


Henoe, we have 


2a=2ir { 1 L 4 (2g -p) a 2 (g -p) . Ja 3 } 


7T 

2 


-^{l+i^Cp-3 ? )}, (B) 

where jT 0 as the periodic time when a is infinitesimal. 

Application to pendulum. In the case of a simple pendulum of length l 9 
the kinetic energy is \ml? {d6jdt)\ where 8, the angle between the string and 
the vertical, is the coordinate fixing the configuration of the system. Com- 
paring this value with (1) we see that 0. 

Taking the potential energy, F, as zero at the lowest point of the path of 
the bob, we have V=mgl (1 -oos 3). Expanding this as far as 6* y we havo 

Comparing this with (2) we soe that - tV- 
Henoe, by (6), T a = T 0 (1 + * a»), 

which agrees, as far as a 3 , with the result obtained in Note II. 

Application to rolling rod. In § 68 we found for the kinetic energy of the 
rolling rod 

\m (* 3 +A 3 +J ^) a, 3 =**» (P+A 3 ) (l + 

since v^dd/dt Comparing this result with (1) we find 

r 8 

p= m>+ a»* 

We found for the potential energy 

V*=*mg{(r+h) (cos sin 0}. 

Expanding this aa far as we obtain 

ft (•-*) «*- A (3r-A) W-bmg (r-A) r *4 . 

Comparing this with (2) we find “ ' 

3r — A 

g= °'’l2 (r - A) * 
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NOTE IV 

Periodic Times of a Pendulum with Two Degrees 
of Freedom 

If the suspending wire OH (Fig. 35) be rigid and if it be hinged to the 
sphere at a point H on the surface of the sphere, whose centre 
of gravity is A, the system has two degrees of freedom, when 
the oscillations are restricted to take place m one plane The 
periodic times of the two normal vibrations can be found, for 
small amplitudes, by the method of § 71. We shall consider 
the case in which the wire OH is massless and of longth l - a> 
and the distanoe AH of the centre of gravity of the suspended 
body from H is equal to a. The moment of inertia of the 
body, of mass m, about an axis through A perpendioular to the 
plane of vibration is mh\ Let the angle between OH and the 
vertical OZ be 6 j let the angle between HA and the vertical 
be this angle being counted positive when OH and HA are 
deflected in the tame direction from OZ \ Then the angle A HP 
between AH and the straight line OHP is 

One equation of motion is obtained from the theorem that the acceleration 
of the centre of gravity A is the same as if all the forces acted at A. The 
acceleration of H in the positive direction at right angles to OH is 

(l -a) (d'd/dt*) 

The acceleration of A relative to H has the components adty/dP perpen- 
dicular to HA and a ( d<j>/dt ) a along AH towards H. Hence the acceleration 
of A perpendioular to OH in the positive direction is 

l - a) (dty/dP) 4- a (d^/dt*) cos (0 - 3) - a sin (<p - 0). 

When 3 and 0 are always infinitesimal, we may put oos ($-0)=l in this 
expression and may negleot 

The force acting on the body at right angles to OH is -m^sin 8 in the 
positive direction. When 3 is infinitesimal, we may pub sin 6-* 6. Then we 
have to these approximations 

m + ~ m ff 6 (!) 

Again, the angular acceleration of the body about any axis through the centre 
of gravity is the same as if the centre of gravity were fixed. Since the 
perpendioular AP on OHP is asin(<£~0), the moment about A in the 
positive direction of the forces acting on the body is -iftesin (0— 3), where 
ST is the tension of the wire. But, when the angles 6 and <#> are always very 
small, the tension will not differ sensibly from 
be replaced by <£ — 0, Henoewefind 

— mga (<£ “ 


* j , * T 

y - M 4 - * f j J * 


mg, and alsojju.(4£^ 
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NOTES 


We can write (1) and (2), if 

{(l-a)A'*+g}d+aD'*$- 0 (3) 

-ga6 + {RD»+$ra}<jti-0 (4) 

Hence {(Z- a) JD*+g} {&1 P+ga} 0+ga*D*6 - 0. (6) 

If d—JSsinjjZ, D 3 6’md , 6/dt i ^-'p i 8, and IPS ■» —p 3 D i 6~})*$. Then, 
dividing bgp% we find from (0) 

SJ? -$(*»+aQ+tf-a)**-0, (0) 

If the periodio time be 7 1 , we have fP—Sir/p, and also glp k ^gT t lAir % ^\ 
whore X is the length of the equivalent pondulum, and thus, from (tf), wo 
obtain for the two periodio times 

gT*Hrr*-~ {#>+ al ± V(/t J +oZ)»-To(Z- a)i ‘ J (7) 


When the body is a uniform sphere of radinB a, £ 2 »ga*, and then 
T*- ■ l'o {5Z+Sa± 


,.( 8 ) 


0 ‘10 

«J^{6Z+2a± 7(^-2a)H40o*} (8) 

When ajl is small, we obtain, if Tp correspond to the poiitivt sign, 


rr% 4ir*i /..So* 4 a* , \ 

Tl ~’g V I+ '8l» + 567* + ‘"J' 
4w*.2a/. a 2a* \ 

T * Tg -\}~l "5 


( 10 ) 

( 1 !) 

Tho relation of $ to 6 for eaoh mode of vibration can bo investigated u in 
§ 71. Sinoe for eaoh mode <f> has the same frequently u 6, ws have 
-pfy, and then we find, by (4), sinoe if*- Jo* that 

*-S Sto 6 ' <K> 

By (6) or (8) we find that XiXj-J (2-a) a and thus X,X, is positive. Sinoe, 
by (0), X, is positive, it follows that X, is also positive. We than find, by (8), 
that in tho first modo of vibration 0 and 8 have the same sign and that in 
the seoond mode they have opposite signs. 

In § 26, it was found that, when there was a rigid connexion between the 
sphere and the (massless) wire, 

< 13 > 

so that, when a/2 is small, the value given by (10) is only slightly greater 
than that given by (13). The latter must be less than the formar on aooount 
of the constraint due to making the connexion at S rigid. 
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